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Mapleis helpful in setting up triple iterated integrals over regionsin R3. Just as for double integrals, the key step is determining the
limits of integration. That is easier if you imagine an arrow shooting through the region E of integration parallel to the axis of the
variable with respect to which the first integration takes place. Plotting the region E reduces the vividness of imagination necessary to
see the corresponding limits.

Fubini's theorem for triple integrals states that the value of atriple integral of a continuous functionf over aregion Ein R3 isatriple

iterated integral. Suppose that E isa"Type 1" region between surfaces with equations z = h(x, y) and z = k(x, y) and has perpendicular
| projection D on the xy-plane. Then
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" The remaini ng double integral over the region D in the xy-plane is evaluated by iteration as before.
Example 1. Evauate EE F[] FI] z dz dy dx, where E is the region between the paraboloid z = X2 + y2 and the planez = 2.
E

Solution. The following Maple routine plots the region E with an upward-pointing arrow passing through it. The entry point of the
arrow occurs on the surface whose equation z = h(x, y) gives the lower limit of the first integration, which will take place with respect
to z. The exit point of the arrow is on the surface whose equation z = k(x, y) gives the upper limit of that first integration.

Asfor two-dimensional arrows, when working with other regions modify the parametersin the ar r ow command to size the arrow
appropriately. The first and second triples within the command specify the starting and end point of the arrow; the third one specifiesa
normal direction for the planein which the arrow is seen: note that it does not appear perfectly vertical even though the direction
vector k was specified. Adjust the direction vector to get an image that you like.

[>wth(plots):
with (plottools):
regi onbot := plot3d( x"2 + y"2, .2,y =-2..2, color =red ):
regiontop :=plot3d( 2, x = -2..2, y -2..2, color =cyan ):
regnane := textplot3d([0.5, 0.5, 2.5, "E'], font = [TIMES, |TALIC, 14], color = black):
slice := arrow([.3, .3, -1], [.3, .3, 8.5], [0, O, 1], 1, 4, .25, color = blue):
di spl ay(regi onbot, regiontop, slice, regname, axes = boxed);
Warni ng, the name changecoords has been redefined
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M aple's real-time rotation feature reveals that the bottom boundary of the region is the paraboloid z = x2 + y2, and its top boundary is

the plane z= 2. The lower limit of the first integration, with respect to z, corresponds to the equation of the lower surface, and the
_ upper limit isz= 2. Hence,
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:E$$4—(x2+y2)2dxdy.

" Asthe three-dimensional figure indicates, the region D is the disk centered at the origin with radi usﬁ . Its equation comes from
| finding the intersection of z= x? + y? and z = 2: equate the two expressions for z

X2 +y? =2,
L The next routine plots D in the xy-plane.
[>wth (plots):
pl anereg : = pol arpl ot ( sqrt(2) theta = 0..2*Pi, scaling = constrained ):
regnane := textplot([. .7, D’] font = [TIMES, |TALIC, 14], color = nmagenta):
di spl ay( pl aner eg, regnarre)
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Since the region D is acircular disk with boundary x? + y? = 2, change to polor coordinates:

%%@:% (4=r*Yrdrde= n%ﬁl 2 83".

" To check this calculation, have Maple'sst udent package evaluate the triple integral over the region E by iteration:

> wth (student):
value( Tripleint(z, z = x"2 + y"2..2, y = -sqrt(2 - x"2)..sqrt(2 - x"2), x = -sqrt(2)..sqrt(2)) );
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[ The next example comes from Exercise 10 of Section 16.7, in James Stewart, Calculus, 4th Edition, | TP Brooks/Cole, 1999.

Example 2. Evauate Flj Flj Flj x dz dy dx, where is E the solid bounded by the planes x = 0 (i.e, the yz-plane), y = 0 (i.e., the xz-plane)
E
and3x+2y +z=6.

Solution. The following modification of the first routine above draws a picture of the region E with an upward-pointing arrow
through it.

r>wth(plots):
with (plottools):
top := plot3d( 6 - 3*x -2*y, x =0..2, y =0..3, color = rust ):
bot := plot3d( 0, x =0..2, vy O 3 color = cyan ):
regnane : = textplot3d([0.2, O. 2, 2, "E'], font = [TIMES, |TALIC, 14], color = black):
slice :=arrom[.3, .3, -2], [.3, .3, 10], [0, 0 1], 1, 4, .25, color = blue):
di spl ay(top, bot, slice regnane, axes = boxed, | abel s = [x, y, z]);
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( This figure and the description of the region E show that an arrow shot |eft-to-right through it enters through the xz-plane and exits
fromtheplane3x+2y +z=6. Thus,



q]qlquxdzdydz = q]FIqujj_Bx _zyxdzdydx: $$D[6x—3x2 —-2xy] dy dx,

" where D isthe triangular region in the xy-plane with vertices at the origin, (2, 0) and (0, 3). The following routine plots D.

r>wth(plots):
with (plottools):
region :=plot( 3*(1 - x/2), x =0..2, color =red ):
regnane := textplot([0.6, 1.3, "D'], font = [TIMES, |ITALIC, 14], color = black):
slice :=arrom[.9, -.3], [.9, 2.25], .01, .08, .08, color = blue):
di spl ay(slice, region, regnane);
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Double integration by iteration then gives
237 %
%%[GX—SXZ—ny]dde:$ $ [6x—3x2—2xy]dydx
D 0°0

N

" The omitted algebrain the last two steps is formidable enough to have Maple's Tr i pl el nt command check the answer.

> wth (student):
value( Tripleint(x, z =0..6 - 3*x - 2*y, y =0..3 - 3*x/2, x =0..2) );
3

Note that Maple can't catch an error in the limits of integration, so take care in setting those up!

Thusfar, it has been natural to "integrate out" z first. That reduces evaluation of triple integrals to xy-double integrals. However,
Fubini's theorem explicitly states that you can iterate in any convenient order: all methods of iteration lead to the same final answer —
the value of thetriple integral of the continuous function f over the region E. This worksheet's final example, which is Exercise 18,
Section 16.7, of Stewart's Calculus, illustrates that.

Example 3. Find the volume of the solid E bounded by the elliptical cylinder 4x2 + 22 =4 and the planesy = 0 (the xz-plane) and y =
zZ+ 2.

Solution. It ischalenging to draw a good picture of E by hand, but not for Maple. To plot the xz-plane, whose equation y = 0 is not
of the form z = f(x, y), the following routine uses parametric plotting. The xz-plane is describable by the parametric equations x = u, y
=0, z=vasuand v vary over R. Note also that the routine omits some of the cylinder to provide alook inside the region.

> with(plots):
with (plottools):
cyltop := plot3d( sqrt(4 - 4*x"2), x = -1..0.5, y =-2..4, color =rust ):
cylbot := plot3d( -sqrt(4 - 4*x"2), x =-1..0.75, y =-2..4, color = rust ):
plane :=plot3d( vy - 2, x =-2..2, y =-2..4, color = cyan ):
coordplane := plot3d( [u, O, v], u=-2..2, v =-2..2, color = cyan ):
regnane := textplot3d([0.5, 1.5, 1, "E'], font = [TIMES, |ITALIC, 14], color = black):
slice := arrow[.3, -1, .3], [.3, 7, .3], [0, 1, .4], 1, 4, .2, color = blue):
di splay(cyltop, cylbot, plane, coordplane, slice, regnane, axes = boxed, labels =[x, vy, z]);
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[ Thisfigure shows that E lies inside the elliptic cylinder above the planey = z+ 2. Integrating first with respect to y gives

z+2
V:F|]F|]F|]E1dydzdx:F|jF|qu]0 1dy dzax,
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where D isthe dliptical region inside x2 + i 1, which results from projection of the cylinder onto the xz-plane. The next routine
draws D.

r>with(plots):
with (plottools)

region := inplicitplot( x*2 + z*"2/4 =1, x = -1..2, z = -2..2, color = red, scaling = constrained ):
regnane := textplot([0.6, 1.3, "D'], font = [TIMES, ITALIC, 14], color = black):
slice :=arrom[-.5, -2.25], [-.5, 2.25], .025, .15, .08, color = blue):
di splay(slice, region, regnanme, labels =[x, z]);
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[ Integration of the above triple integral for V with respect to y thus gives

V= FI]FI]D[Z + 2] dzdx,

hand evaluation of which is not appealing: it requires trignometric substitution since term(s) involving ./ 4 — 4 x2 or,/1- émust be
antidifferentiated. It thus seems preferable to have Maple complete the problem:

> wth (student):
val ue( Doubleint(z+2, z = -sqrt(4 - 4*x"2)..sqrt(4 - 4*x"2), x = -1..1) );
>
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As acheck on the first integration, with respect to y, have Maple evaluate the original triple integral:

> with (student):
value( Tripleint(1, y = 0..z+2, z = -sqrt(4 - 4*x"2)..sqrt(4 - 4*x"2), x =-1..1) );
41




