Proof of a conjecture stated in A000010

Sela Fried

For n € N let p(n) be Euler’s totient function and set [n] = {1,...,n}. The
statement in the following theorem was conjectured by Irwin in A000010.

Theorem 1. Let n > 2 be an integer and let S(n) = {(a,b,c) € [n]?
nc—ab=1}. Then #8(n) = p(n).

Proof. Let

Un) ={a € [n] : ged(a,n) = 1}.
We claim that the map (a,b,c¢) — a is a bijection from S(n) to U(n). Since
#U(n) = ¢(n), this would prove the assertion. To see this, let (a,b,c) €
S(n) and let d = ged(a,n). Thus, d | @ and d | n and therefore d divides
nc — ab = 1. Hence, ged(a,n) = d = 1 and therefore a € U(n). This proves
that the map is well-defined.

We now show that the map is injective. To this end, let a € U(n) and
assume there are b, ¢, ¢’ € [n] such that (a,b,c),(a,b',c') € S(n). Then
nc—ab=1=nd —ab'. Thus, n(c—c') = a(b—"?'). In particular, n | a(b—"b").
Since ged(a,n) = 1, necessarily n | (b— ). But b,b" € [n]. Thus, b—¥b =0,
ie., b = b. From this it follows that n(c — ¢’) = 0 and therefore ¢ = ¢,
concluding the proof of the injectivity.

It remains to show that the map is surjective. To this end, let a €
U(n). Since ged(a,n) = 1, by Bézout’s identity there are integers u, v such
that wa +vn = 1. Multiplying by —1 and reducing modulo n, we obtain
(—u)a = —1 (mod n). Let b € [n] such that b = —u (mod n). Then
ab = —1 (mod n), i.e., there exists an integer ¢ such that ab = nc — 1, i.e.,
nc —ab = 1. It remains to show that ¢ = (ab+ 1)/n € [n]. Since a,b € [n],
we have 2/n < ¢ < (n? +1)/n. Since n > 2 and c is an integer, necessarily
c € n]. O
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