
MATHEMATICA MONTISNIGRI 

2020 Mathematics Subject Classification: 11A25, 11N37. 
Key words and Phrases: Arithmetic function, Coreful divisor, Coreful perfect number, Sum of divisors. 

NOTE ON COREFUL DIVISOR FUNCTIONS 

BRAHIM MITTOU 

Laboratory of Applied Mathematics, Univercity Kasdi Merbah Ouargla, Algeria 
Corresponding author.E-mail: mathmittou@gmail.com, mittou.brahim@univ-ouargla.dz 

𝜏(𝑒)(𝑛)  = ∏  𝜏(𝑛𝑖)

URL: https://www.montis.pmf.ac.me/allissues/64/Mathematica-Montisnigri-64-5.pdf

Summary. We say that a divisor 𝑑 of 𝑛 is a coreful divisor if it has the same set of distinct 

prime factors as 𝑛. The number and sum of such divisors of 𝑛 are denoted respectively by 

𝜏(𝑐)(𝑛)  and 𝜎(𝑐)(𝑛). In the present paper, we discuss some properties of these functions and 
characterize coreful perfect numbers, defined as integers 𝑛 such that 𝜎(𝑐)(𝑛) = 2𝑛.

1 INTRODUCTION 

Throughout this note, we let 𝑝1
𝑛1𝑝2

𝑛2 ⋯ 𝑝𝑟
𝑛𝑟 denote the canonical decomposition of the 

integer 𝑛 > 1. An integer 𝑑 is called an exponential divisor (or briefly, e-divisor) of 𝑛 if 𝑑 =
𝑝1

𝑑1 𝑝2
𝑑2 ⋯ 𝑝𝑟

𝑑𝑟with 𝑑𝑖 | 𝑛𝑖  (1 ≤ 𝑖 ≤ 𝑟). Let 𝜏(𝑒)(𝑛)  and 𝜎(𝑒)(𝑛)  denote, respectively, the

number and sum of exponential divisors of 𝑛, where 𝜏(𝑒)(1) = 𝜎(𝑒)(1) = 1  by convention. 
It is evident that 𝜏(𝑒)(𝑛)  and 𝜎(𝑒)(𝑛)  are multiplicative functions, and hence

𝑟

𝑖=1

and 

𝜎(𝑒)(𝑛) =  ∏  ∑ 𝑝𝑖
𝑑𝑖

𝑑𝑖|𝑛𝑖

𝑟

𝑖=1

,

where 𝜏(𝑛) stands for the number of divisors of 𝑛. 

Similar to the notion of e-divisor, we say that the positive integer 𝑑 is a coreful divisor (or 

c-divisor) of 𝑛, if 𝑑 = 𝑝1
𝑑1 𝑝2

𝑑2 ⋯ 𝑝𝑟
𝑑𝑟  with 1 ≤ 𝑑𝑖 ≤ 𝑛𝑖 for all  𝑖. The number and sum of such

divisors of 𝑛 are denoted respectively by 𝜏(𝑐)(𝑛)  and 𝜎(𝑐)(𝑛) . By convention, 1 is a coreful

divisor of itself, so that 𝜏(𝑐)(1) =  𝜎(𝑐)(1) = 1. It should be noted that the notion of coreful

divisors was introduced by Hardy and Subbarao [1].

Easily one can show that both 𝜏(𝑐)(𝑛)  and 𝜎(𝑐)(𝑛) are multiplicative functions and one can

have 

𝜏(𝑐)(𝑛)  = ∏  𝑛𝑖

𝑟

𝑖=1

and 

𝜎(𝑐)(𝑛) =  ∏ ∑ 𝑝𝑖
𝑘

𝑛𝑖

𝑘=1

𝑟

𝑖=1

. 

Vol LXIV (2025)

57

mailto:mathmittou@gmail.com
mailto:mittou.brahim@univ-ouargla.dzm


B. Mittou 
 

    Moreover, the set 𝐷(𝑐)(𝑛) of all c-divisors of 𝑛 forms a commutative monoid with the 

identity element ∏  𝑝𝑖
𝑟
𝑖=1   (respectively 𝑛) under the gcd operation (respectively under the lcm 

operation). 

    Many authors have studied the properties of the e-divisors (see, for example, [2-5]).  

For a maximal order of 𝜏(𝑒)(𝑛), Erdős [4, Theorem 6.2] showed that: 

   lim
𝑛→∞

sup 
log 𝜏(𝑒)(𝑛) log2 𝑛

log 𝑛
=

log 2

2
,  

where log𝑚 𝑥 denotes the m-fold iterated logarithm. Straus and Subbarao [3] proved several 

results related to exponentially perfect numbers, that is, integers 𝑛 for which 𝜎(𝑒)(𝑛) = 2𝑛 

(see the sequence A054979 in the OEIS [6]), and they settled a question raised in [4] by 

proving that there are no odd exponentially perfect numbers. 

   In this paper, inspired by above results, we prove several results concerning the coreful 

divisor functions. Additionally, we investigate and characterize coreful perfect numbers, 

defined as integers 𝑛 such that 𝜎(𝑐)(𝑛) = 2𝑛.  

2 MAIN RESULTS 

    The following properties are elementary, but still worth mentioning. 

Theorem 2.1 

1) 𝑛 is prime if and only if 𝜏(𝑐)(𝑛) = 1. 

2) 𝜏(𝑐)(𝑛) is prime if and only if 𝑛 = 𝑝𝑞𝑘, where 𝑝 and 𝑞 are primes and 𝑘 is square-free 

integer. 

3) We have  

𝜏(𝑐)(𝑛𝑘) =  𝑘𝑤(𝑛) 𝜏(𝑐)(𝑛) for all 𝑘 ∈ ℝ∗,           

            where 𝑤(𝑛) denotes the number of distinct prime divisors of 𝑛. 

4) For all positive integers 𝑚 and 𝑛 we have 

𝜏(𝑐)(𝑚𝑛) ≥  𝜏(𝑐)(𝑚) 𝜏(𝑐)(𝑛).           

Proof. Items 1, 2, and 3 follow at once from the definition. Now, we prove item 4. Clearly, 

the equality holds when gcd(𝑚, 𝑛) = 1, since 𝜏(𝑐) is multiplicative. If gcd(𝑚, 𝑛) > 1, then 

we can write 𝑚 and 𝑛 as: 

   𝑛 = (∏  𝑝𝑖
𝑛𝑖

𝑡

𝑖=1

) ( ∏  𝑝𝑖
𝑛𝑖

𝑟

𝑖=𝑡+1

)  and 𝑚 = (∏  𝑝𝑖
𝑚𝑖

𝑡

𝑖=1

) ( ∏  𝑞𝑖
𝑚𝑖

𝑠

𝑖=𝑡+1

). 
 

Thus, 

   𝜏(𝑐)(𝑚𝑛) = ∏  (𝑛𝑖 + 𝑚𝑖)

𝑡

𝑖=1

( ∏  𝑛𝑖

𝑟

𝑖=𝑡+1

) ( ∏  𝑚𝑖

𝑠

𝑖=𝑡+1

). 
 

Notice that 

   ∏  (𝑛𝑖 + 𝑚𝑖)

𝑡

𝑖=1

≥ (∏  𝑛𝑖

𝑡

𝑖=1

) + (∏  𝑚𝑖

𝑡

𝑖=1

). 
 

From which, 
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   𝜏(𝑐)(𝑚𝑛) ≥ ((∏  𝑛𝑖

𝑡

𝑖=1

) + (∏  𝑚𝑖

𝑡

𝑖=1

)) ( ∏  𝑛𝑖

𝑟

𝑖=𝑡+1

) ( ∏  𝑚𝑖

𝑠

𝑖=𝑡+1

) 

  ≥ (∏  𝑛𝑖

𝑟

𝑖=1

) (∏  𝑚𝑖

𝑠

𝑖=1

) = 𝜏(𝑐)(𝑚) 𝜏(𝑐)(𝑛). 

 

The proof is finish. 

    Let 𝑘 be a non-negative integer. We define 𝐸𝑘  to be the Diophantine equation 

𝐸𝑘:  𝜑(𝑛) − 𝜏(𝑐)(𝑛)  = 𝑘,           

where 𝜑 denotes the well known Euler’s totient function (see, e.g. [7]). Let 𝑆𝑘  be the set of 

solutions of  𝐸𝑘 . In what follows, we will prove some facts about 𝐸𝑘 , beginning with the 

following remark. 

Remark 2.2 Let 𝑚 be an odd positive integer. If 𝑚 ∈ 𝑆𝑘 , then 2𝑚 ∈ 𝑆𝑘 as well. This follows 

from the fact that: 

𝜑(2) = 𝜏(𝑐)(2) = 1,           

and from the multiplicative properties of both functions. 

Theorem 2.3 We have 𝑆0 = {1, 2, 4}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) for all 𝑛 ≥ 5. 

Proof. Clearly, 𝑛 =  1 is a solution of 𝐸0. By Remark 2.2, 2 ∈ 𝑆0 as well. 

Now, consider powers of 2. For  𝛼 ≥ 1, it can be shown by induction that 2𝛼−1  ≥  𝛼 with 

equality only when 𝛼 = 1 or 𝛼 = 2. Therefore, for these values: 

   𝜑(2𝛼) = 2𝛼−1 = 𝛼 = 𝜏(𝑐)(2𝛼),           

holds  for 𝛼 = 1 and 𝛼 = 2, so that 4 ∈ 𝑆0. 

On the other hand, if 𝑝 ≥ 3 is prime, then 

𝑝𝛼−1(𝑝 − 1) ≥ 2 ∙ 3𝛼−1 > 𝛼  for all 𝛼 ≥ 1.  

Thus 𝜑(𝑛) > 𝜏(𝑐)(𝑛) for all odd 𝑛 ≠ 1. 

Finally, assume that 𝑛 = 2𝛼𝑚, with 𝑚 > 1 and gcd(2, 𝑚) = 1. Then 

𝜑(𝑛) = 2𝛼−1𝜑(𝑚) > 2𝛼−1 𝜏(𝑐)(𝑚) ≥ 𝛼𝜏(𝑐)(𝑚) = 𝜏(𝑐)(𝑛).         

Consequently, 𝑆0 = {1, 2, 4}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) for all 𝑛 ≥ 5. 

Theorem 2.4 We have 

1) 𝑆1 = {3, 6, 8}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 1 for all 𝑛 ≥ 9. 

2) 𝑆2 = {12}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 2 for all 𝑛 ≥ 13. 

3) 𝑆3 = {5, 10}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 3 for all 𝑛 ≥ 11. 

4) 𝑆4 = {9, 16, 18}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 4 for all 𝑛 ≥ 19. 

5) 𝑆5 = {7, 14, 24}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 5 for all 𝑛 ≥ 25. 

6) 𝑆6 = {20}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 6 for all 𝑛 ≥ 21. 

7) 𝑆7 = {15, 30}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 7 for all 𝑛 ≥ 31. 

8) 𝑆8 = {36}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 8 for all 𝑛 ≥ 37. 

9) 𝑆9 = {11, 22}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 9 for all 𝑛 ≥ 23. 

10)  𝑆10 = {28}, and 𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 10 for all 𝑛 ≥ 29. 
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Proof. The proof proceeds in two main steps, which together allow us to solve the equation 

𝐸𝑘 . 

 Step 1: Find a positive integer 𝑛𝑘, such that 

    𝜑(𝑛) > 𝜏(𝑐)(𝑛) + 𝑘 for all 𝑛 ≥ 𝑛𝑘.  

Such an integer 𝑛𝑘 allways exists, due to the following observations: 

a) There exists 𝜇𝑘 ∈ ℕ such that for all  𝛼 ≥ 𝜇𝑘 , we have 

𝜑(2𝛼) = 2𝛼−1 > 𝛼 + 𝑘 = 𝜏(𝑐)(2𝛼) + 𝑘.  

b) For any prime  𝑝 ≥ 3 there exists 𝜂𝑘 ∈ ℕ such that for all  𝛼 ≥ 𝜂𝑘 , 

𝜑(𝑝𝛼) = 𝑝𝛼−1(𝑝 − 1) ≥ 2 ∙ 3𝛼−1 > 𝛼 + 𝑘 = 𝜏(𝑐)(2𝛼) + 𝑘.           

For example, from Theorem 2.3, we can take 𝜇0 = 3, 𝜂0 = 1, and 𝑛0 = 5. 

Step 2: Use a computational tool (in our case, SageMath) to check whether there exists any 

integer 𝑛 ≤ 𝑛𝑘 that satisfies the equation 𝐸𝑘 . 

Theorem 2.5 One has, for any 𝜀 > 0,  

   𝜏(𝑐)(𝑛) ≤  𝑂𝜀(𝑛𝜀).  

Proof. We have  

𝜏(𝑐)(𝑛)

𝑛𝜀
=  ∏

𝑛𝑖

𝑝𝑖

𝑛𝑖𝜀

𝑟

𝑖=1

                                                            
 

     = ( ∏
𝑛𝑖

𝑝𝑖

𝑛𝑖𝜀

𝑖≤𝑟,𝑝𝑖<21/𝜀

) ( ∏
𝑛𝑖

𝑝𝑖

𝑛𝑖𝜀

𝑖≤𝑟,𝑝𝑖≥21/𝜀

). 

 

In the second product, 𝑝𝑖 ≥ 21/𝜀 , so that 𝑝𝑖
𝑛𝑖𝜀

≥ 2𝑛𝑖  and 

     
𝑛𝑖

𝑝𝑖

𝑛𝑖𝜀  ≤  
𝑛𝑖

2𝑛𝑖
 ≤ 1.  

From which we must estimate the first product. Since  

𝑛𝑖𝜀 log 2  ≤  𝑒𝑛𝑖𝜀 log 2 = 2𝑛𝑖𝜀 ≤ 𝑝𝑛𝑖𝜀 ,  

we have 

     
𝑛𝑖

𝑝𝑖

𝑛𝑖𝜀  ≤  
1

𝜀 log 2
.  

Thus, 

     
𝜏(𝑐)(𝑛)

𝑛𝜀
 ≤ ( ∏

1

𝜀 log 2
𝑝<21/𝜀

). 
 

In particular, 𝜏(𝑐)(𝑛) ≤  𝑂𝜀(𝑛𝜀) as desired. 

    The following theorem gives the maximal order of 𝜏(𝑐)(𝑛). 

Theorem 2.6 One has 
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     lim
𝑛→∞

sup
log 𝜏(𝑐)(𝑛) log log 𝑛

log 𝑛
=

log 3

3
.  

The proof of this theorem based on the following lemma. 

Lemma 2.7 [8] Let 𝐹 be a multiplicative function with 𝐹(𝑝𝑎) = 𝑓(𝑎) for every prime power 

𝑝𝑎, where 𝑓 is positive and satisfies 𝑓(𝑛) = 𝑂(𝑛𝛼) for some fixed 𝛼 > 0. Then 

    lim
𝑛→∞

sup
log 𝐹(𝑛) log log 𝑛

log 𝑛
=  sup𝑚≥1

log 𝐹(𝑚)

𝑚
.  

Proof of Theorem 2.6. Apply Lemma 2.7 for 𝐹(𝑛) = 𝜏(𝑐)(𝑛), 𝛼 = 1, and 𝑓(𝑎) = 𝑎. Note 

that sup𝑚≥1
log 𝑚

𝑚
=  

log 3

3
. 

    We devote the remainder of this paper to introducing and characterizing coreful perfect 

numbers.  Let us start by the definition of coreful perfect numbers. 

Definition 2.8 We call coreful perfect number any positive integer verifies 

 𝜎(𝑐)(𝑛) = 2𝑛.         

    The smallest coreful perfect number is 36, since its coreful divisors are 6, 12, 18, and 36, 

whose sum is 72 = 2 ∙ 36. The sequence of coreful perfect numbers appears as sequence 

A307958 in the OEIS [6]. 

Since 𝜎(𝑐)(𝑝) = 𝑝 for any prime 𝑝 and 𝜎(𝑐) is multiplicative, then if 𝑛 is a coreful perfect 

number, 𝑚𝑛 is also a coreful perfect number for any squarefree number 𝑚 coprime to 𝑛. 

Thus, there are infinitely many coreful perfect numbers, and all of them can be generated 

from what we call the sequence of primitive coreful perfect numbers, i.e., powerful coreful 

perfect numbers, the sequence of primitive coreful perfect numbers appears as sequence 

A307959 in the OEIS [6]. The following theorem gives the form of all even primitive coreful 

perfect numbers. 

Theorem 2.9 A number 𝑁 is an even primitive coreful perfect number if and only if it is of 

the form: 

𝑁 =  2𝑝(2𝑝 − 1)2,  

where 2𝑝 − 1 is Mersenne prime number. 

Proof. Let 2𝑝 − 1 be a Mersenne prime number. We aim to show that 𝑁 =  2𝑝(2𝑝 − 1)2 is a 

primitive coreful perfect number. We start by noting that if 2𝑝 − 1 is prime, then the exponent 

𝑝 must also be prime. Thus, we can write the coreful divisors of 𝑁 as follows: 

2𝑎(2𝑝 − 1)𝑏,   (𝑎, 𝑏) ∈ {1, 2, … , 𝑝} × {1, 2}.  

Hence, 

𝜎(𝑐)(𝑁) = ∑ ∑ 2𝑎(2𝑝 − 1)𝑏

𝑝

𝑎=1

2

𝑏=1

      

                                     = 2(2𝑝 − 1)2 + 2(2𝑝 − 1)2(2𝑝 − 1) 

 = 2𝑝+1(2𝑝 − 1)2 

= 2𝑁.                    

 

Conversely, assume that 𝑁 is an even primitive coreful perfect number. Note that 𝜎(𝑐)(2𝑎) =
2(2𝑎 − 1) < 2𝑎+1 for all 𝑎, which means that 𝑁 cannot be a power of two. Thus, 𝑁 has at 
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least two factors, and we can write it as 𝑁 = 2𝑎𝑙, where 𝑎 ≥ 2 and 𝑙 is an odd powerful 

number. Since 𝜎(𝑐) is multiplicative, we have 

𝜎(𝑐)(𝑁) = 𝜎(𝑐)(2𝑎𝑙) = 2(2𝑎 − 1) 𝜎(𝑐)( 𝑙 ).           

On the other hand, as 𝑁 is coreful perfect, we have 

𝜎(𝑐)(𝑁) = 2𝑁 = 2𝑎+1𝑙.          

By comparing the two formulas obtained for 𝜎(𝑐)(𝑁), we deduce that 

 (2𝑎 − 1) 𝜎(𝑐)( 𝑙 ) = 2𝑎 𝑙. (1) 

This identity shows that 2𝑎 divides  𝜎(𝑐)( 𝑙 ) since gcd(2𝑎 , 2𝑎 − 1) = 1. Therefore, there 

exists a positive integer 𝑟 such that 𝜎(𝑐)( 𝑙 ) = 2𝑎 𝑟. Substituting this into (1), we obtain 𝑙 =
(2𝑎 − 1)𝑟. Thus, we get 

𝑙 + 𝑟 = (2𝑎 − 1)𝑟 + 𝑟 = 2𝑎 𝑟 =  𝜎(𝑐)( 𝑙 ),           

from which 𝑟 is a coreful divisor of 𝑙, i.e., 𝑙 has only two coreful divisors: 𝑙 and 𝑟. The only 

way this is possible is if 𝑙 is a square of a prime number 𝑞. This implies that (2𝑎 − 1) = 𝑟 =
𝑞, which means that 𝑁 = 2𝑎 𝑞2 with 𝑞 = (2𝑎 − 1) is a Mersenne prime. The proof is 

complete. 

    We conclude this note by presenting the following theorem, which provides conditions for 

the existence of odd coreful perfect numbers. 

Theorem 2.10 An odd primitive coreful perfect number, if it exists, must have the form: 

   𝑁 = 𝑝𝛼 ∏ 𝑝
𝑖

𝛼𝑖

𝑠

𝑖=1

,  

where 𝑝 ≡ 1 ( mod 4), 𝛼 ≥ 2, 𝛼 ≡ 2 ( mod 4), gcd(𝑝, 𝑝𝑖) = 1, 𝛼𝑖 ≡ 1 ( mod 2), and  𝛼𝑖 ≥
3 for all 𝑖. 

Proof. Let 𝑁 = ∏ 𝑝𝑖
𝑎𝑖𝑟

𝑖=1  be an odd primitive coreful perfect number. Note that 𝜎(𝑐)(𝑝𝑎) =
𝑝

𝑝−1
(𝑝𝑎 − 1) < 2𝑝𝑎 for all odd primes 𝑝 and for all 𝑎, which means that 𝑁 cannot be a power 

of any odd prime. Therefore, we necessarily have 𝑟 ≥ 2. Since 𝑁 is a coreful perfect number 

and 𝜎(𝑐) is multiplicative, we have  

𝜎(𝑐)(𝑁) = 𝜎(𝑐)(𝑝1
𝑎1)𝜎(𝑐)(𝑝2

𝑎2) ⋯ 𝜎(𝑐)(𝑝𝑟
𝑎𝑟) 

= 2𝑁 = 2𝑝1
𝑎1𝑝2

𝑎2 ⋯ 𝑝𝑟
𝑎𝑟 .     

 

(2) 

It is worth noting that 𝜎(𝑐)(𝑝𝑖
𝑎𝑖) is even only when 𝑎𝑖 is even. According to (2), 𝜎(𝑐)(𝑁) is 

limited to having at most one factor of two. Thus, all 𝑎𝑖 are odd, except for one. Without loss 

of generality, let 𝑎1 be even. 

    Now, observe that 𝜎(𝑐)(𝑝1
𝑎1) ≡ 1 (mod 4), and either 𝑝1 ≡ 1 (mod 4) or 𝑝1 ≡

−1 (mod 4). The latter cannot be true, since 

𝜎(𝑐)(𝑝1
𝑎1) = 𝑝1 + 𝑝1

2 + ⋯ + 𝑝1
𝑎1                                          

          ≡  −1 + 1 − 1 + ⋯ + 1 ≡ 0 (mod 4), 
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which is a contradiction. Thus, it must be true that 𝑝1 ≡ 1 (mod 4). This congruence implies 

that 

𝜎(𝑐)(𝑝1
𝑎1) ≡  1 + 1 + ⋯ + 1 ≡  𝑎1(mod 4) 

≡ 2 (mod 4). 
Since 𝑁 is primitive, we must have 𝑎1 ≥ 2 and 𝑎𝑖 ≥ 3 for 𝑖 ≠ 1. All that remains is to set 

𝑝 = 𝑝1, 𝛼 = 𝑎1, 𝛼𝑖 = 𝑎𝑖+1, and 𝑠 = 𝑟 − 1. This completes the proof. 

3 CONCLUSIONS 

In this work, we explored key properties of the core divisor function 𝜏(𝑐) and 𝜎(𝑐), 

including its behavior on primes, powers, and multiplicative structure. We examined the 

Diophantine equation 𝜑(𝑛) − 𝜏(𝑐)(𝑛)  = 𝑘, determined complete solution sets for small 

values of 𝑘. We also established upper bounds and asymptotic behavior for 𝜏(𝑐)(𝑛). Finally, 

we introduced and characterized coreful perfect numbers, proving that there are infinitely 

many and identifying forms for both even and potential odd cases. 
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