I. Background

For w#0 being an element in the ring K =Z[\/gi] for dEN* (or

[1+\/§i

2

] for d EN*,d =3(mod4)), let R(w) be a complete residue system

over K modulo w (i.e., R(w) consists of N(w) elements in K such that no

two elements are congruent modulo w, where N(w) is the norm of w ), then we

intend to find the smallest possible value of mRa}x)N (s).
SER(w

Now, if we can find a set of complex numbers A4 such that: (i) for any

xEK,reA,|r|<|r-x| ; (ii) every complex number z can be uniquely

represented as z=x+r,where x€K,r&€ 4, then

S(w)={rw:rE 4 \K

is a complete residue system modulo w formed by choosing one element with

the minimal norm in each residue class modulo w (there may be more than one

element whose norms are minimal in one residue class). This is because: (a) for any

xEK, 24 can be uniquely represented as L= x+tr, where x€K,r&A4 . So
w w

among all r& K such that y—_EK teS(w) ifand only if t=rw=y-xw.
w

w

t,€S(w). So S(w) is a complete residue modulo w; (b) for any t&S(w), if

rot € K , then
w

NOY= w1 D P2 w = V),

. t
since that —& 4.
w

As a result, we have

min max N(s)= max N(s),
SER(w) SES(w)

disregarding the choice of the set A4 (as long as it satisfies (i), (ii)).

1+\/§i]

II. The case K=7] 5



We first find the sets that satisfy (i). Let

1+4di _ -1+4di . -1-Adi1-4di

2 782_ 2 ’83 -

—1,81 =

€y

Then all such sets are subsets of

A" ={reCrlg|r-¢1,j=0,12345}.

Note that
) u+vdi
{rEC:|r|§|r-ej|,]=0,3}={T:u,vER,|u|§l},
o utw/di 1 d+1
{reCridlr-¢|,j=12} ={—F— > ‘u,v&R v<—;u+?}
o u+wdi 1 d+1
{rEC:|r|§|r—8_i|,]—4,5}—{T u,vER,v> =LY 1,
so the definition of A" is equivalent to
+ 1 d+1
A+={u ;\/_1 uv€R|u|<1|V|<'_|u|+?}

Now we show forany xEK,r& 4",|r|<|r-x|. Let

u+vidi 1 d+1 a+b«/ 1
= (lul< <-—|ul+ +
r 5 (lulfL|v| d|u| od ),x = (a,bEZ2|(a+b)),
then,
) 5 1 d
|r-x|"-|x|"= —(u a)’ +— (v b) —u _ZV

1
=Z(a2-2au+db2-2dbv)ZZ(a2-2|aHu|+db2-2d\b||v|)

> L@ 2lalul b -2d 151 u by v o +
=4\ @ molalid ) g g ey Ivis- )

> min - (a® + db* -2d | b xdﬂ)l( 2_2|a|+db*-2d|b xd'l) by 0 <|ul<1)
= min{y (a> +db®-2d | b|x 5 5), (@ -2 al b’ -2d |b| <)} by O <Ju <
1
=Zmin{a2+db2-(d+1)|b],a2-2|a|+db2-(d-1)|b]}
1.
=y min{(la[+D(a[-D+(d[b]-D)]b]|-1).(a] -)* +(d |b|+1)( b]-D)}.
The value of the last line is nonnegative unless (| a|,|b|) =(0,1),(1,0) , which is not

acceptable since 2|(a+b) (and also, its value is 0 if and only if

(al,|b)=(0,0),(L1),(2,0) ), that is, x=0 or x=g,;=012345 ). So



xEKrEA|rKr-x|.
Secondly, we find the pairs (r,x) such that xEK,x#0,rE A4 ,r-x€ 4" .
r€A Srilr-x|;r-x€4 Fr-x<lr-x-(-x)Fr| , so |rfFr-x| . If

x#¢,j=012345,then |r|</r-x|so x=¢,;=012345.

Let
E, = {rired e, €4°4,7=012345,

we have

E ={rlr€ed |riFr-¢1},j=01234;5.
This is because: if rEA4",r-¢, EA", then |r|=|r-¢,|;if [r|Fr-¢;| and rE 4",
then forany x&E K we have |r-¢,-x|2|r|=[r-¢;|. Recall that

A= v L+
5w JulsLivis-—lul+=.

S0,
1+ v/di d-1
Eo={Tiv€R,|V|Sg},

u 1 d+1_+di
=J— -— —_— ) < <
E, {2+( u-+ ) )2 u€eR,0<u<l},

u 1 d+1_4di
={—+(—ut—)—: 1<u<
E, {2 (du 2d) > u€R,-1<u <0},

-1+v\/gi
2

3

v ,V_2d,

d+1 \/Ei

u 1
E={--(u+—)—:u€eR-15u<0
4 {2 (du 2d) 2 u 9 SU> }7

w1 d+14di
E5—{5-(-gu+?)T.MER,OSMSI},

Then,

1 d-1 . d+1 . 1 d-1 :
EoﬂE1 = {E"_Eﬁl}oElmEz = {T\/El}aE2ﬂE3 = {'54_?\/31}9

1 d-1 ~ d+1 —, 1 d-1 —
EJ]E4 = {_E-Hﬁl}’E“ﬂEs = {-T\/gl},EsﬂEé = {E-Eﬁl},

and EjﬂEj, is empty unless j'-j = +1(mod6).
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Figure 1. Illustration of the set 4" . All edges and the vertices are included,
and the edges or vertices in the same color are “grouped”.

Now we find the subsets of A" that satisfy (ii). For any complex z and any

C >0, there are only finitely many x& K such that |z-x|<C,so |z-x]| has

minimal value. Let x,x,,..,x, EK minimize |z-x| . By definition,
z-x, €EAk=12,..m , that is, z-x+(x-x)E4,k=12,.,m Here

x-x, €K, k=12,..m.

If there does not exist j such that z-x, € E;. By definition, z-x -x€& A if

andonlyif x=0,s0 z-x,E4.

If there exists exactly one j  such that z-x €FE, . By definition,
z-x,-xE A" if and only if x=0 or x=¢g; , so exactly one of z-x and

z-x-¢; isin 4.

If there exists j,j' such that z-x €EE jﬂE ;> suppose j'-j =1(mod6) , then

{Z_xl}zEjﬂEjH > and {Z'xl'gj}zEj+zﬂEj+3 > {Z-x1-8j+1}=Ej+4nEj+5 >

z-x,-x 1is not in A for other x . Here FE .  =E,

6= E; . So exactly one of



1 d+1 1
iz+—J_i 1d Jdi isin 4 , and exactly one of i2 ad

A4.

As a result: the possible choices for the set 4 are as follows: for any r &€ 4"

r 1S not a member of E,,j=012345, then r& 4 ; if rek,, but r

E

1

d-1 d+1
one of +£—+ Jdi,- 14 Jdi is in A4 , and exactly

2 4d

1 d-1 — d+1 — .
+—-— .
2" ad \di, 14 Jdi isin A

E1 N Ex = {((&F D/(@=d)(@d)*i}
Fa -t - Fy

Ey O Ey= {-1/2 + (d - D(A=d)y=\(d)*i} . =

5
&)
\
E,

d-1 _d+1

y Jdi isin

, if

is not in

one

By N EL= {12+ (@ - D))

21> then exactly one of r and r-¢, isin A (here, r-¢, EE,.,); lastly, exactly

of
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Figure 2. Illustration of the set A . The edges drawn in real lines and the colored vertices are

included, while the edges drawn in dashed lines and the vertices in gray are not.

IIL. The case X = Z[Jdi]
We first find the sets that satisfy (i). Let

g =Leg = «/gi,az =-leg= di,

Then all such sets are subsets of

A ={recC:|rg r-g;|,j =023}
Note that

. . _ _ Jai: 1
{reCrigr-¢,[,j=02}={utv d1.u,v€R,|u|§5},

: 1
(reC:rigr-g,j=13 = {u+vﬁlzu,veR,|v|§5},
so the definition of 4" is equivalent to

1 1
A= {u+v«/gi:u,v€R,|u I< 5,|v|§a}.

Now we show forany xEK,rE A",|r|<|r-x]|. Let



1 1
r=u+v\/gi(]u I< 5,|v|§ 3),x=a+b\/3i(a,bEZ),
then,
lr-xP-|x’=@-a)+(v-b)-u’ -V’

=a’-2au+db*-2dbv>a’-2|a|u|+db*-2d |b| V|
2a2—|a|+d(b2—|b|))(by|u|S%,|VIS%)20.
(and also, its value is 0 if and only if (|a|,|b]) = (0,0),(0,1),(1,0),(L1)), thatis, x=0
or x=¢,j=0123 or x=¢,+¢,,j=0123 . Here ¢,.,=¢ ). So
xEKrEA|rKr-x|.
Secondly, we find the pairs (7,x) suchthat xEK,x#0,rE A4 ,r-xE A" . For
the same reason |r[=r-x|.If x#¢,;=0,123 and x#¢,+e¢,,,j=0,123, then

|r|<|r-x|ss0 x=¢,;=0123 or x=¢,+¢,,,j=0,123.

Let
E, ={rire A r -¢, € A, 7=0123,
V.={rlr€d’r-¢;-¢,,€A4'},j=0,,23,
again,
E ={rlr€d" |rFr-¢},j=0123,
Vj = {I"ll"EA+,| I’|=|I’-8j '8j+1 |}9j=0:19273~
Recall that

1 1
A+={u+v\/gi:u,v€R,|u!SE,IVEE}.

SO,

Jdi

I ! !
Ey= {5+ wditvER VIS DLE = fu+——u€R Jul< 3},

1 1 di 1
E, = {-5+v\/zi:vER,]v]§ 5}’E3 ={u-%:erR,]u|§ 5},

J

e te.
V= {%} = EjﬂEjﬂa

and EjﬂEj, is empty unless j'-j = +1(mod4).
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Figure 3. Illustration of the set 4" . All edges and the vertices are included,
and the edges or vertices in the same color are “grouped”.

Now we find the subsets of 4" that satisfy (ii). Again, let x,x,,..,x, EK
minimize |z-x| . By definition, z-x, €47 ,k=12,..,m , that is,
z-x,+(x,-x,)E A" ,k=12,.,m.Here x,-x, EK,k=12,..m.

If there does not exist j such that z-x, € E;. By definition, z-x -x€& A if
andonly if x=0,s0 z-x,€4.

If there exists exactly one j  such that z-x €FE, . By definition,
z-x,-xE A" if and only if x=0 or x=¢g; , so exactly one of z-x and

z-x-¢; isin 4.

If there exists j,j' such that z-x, &€ EjﬂEj, , suppose j'-j =1(mod4), then
{z-x}= EjﬂEj+1 sand {z-x-¢;}= Ej+lﬂEj+2 s {z-x-(e; 1)) =Ej+2ﬂEj+3 )

{z-xl-gj+1}=Ej+3ﬂEj, z-x-x ismnotin A forother x.Here £, ,=E, . So

i
exactly one of + ) + N isin A4.



As a result: the possible choices for the set 4 are as follows: for any r& 4", if

r isnot a member of E,,j=0,1,23,then rE4;if rEE,,but r isnotin E,

VI

then exactly one of r and r-¢, isin 4 (here, r-¢, €EE,,,); lastly, So exactly

i
one of iEiT iIsin 4.

Ey N Ey= {172+ \(d)y*il2} Eo N Ex = {172 +(d)*i/2}

E> N Es= {172 - \(d)*il2} —Es N Ey= {172 - \(d)*i/2}

Figure 4. Illustration of the set A . The edges drawn in real lines and the colored vertices are
included, while the edges drawn in dashed lines and the vertices in gray are not.

IV. Corollary

Theorem. For any w#0 being an element in the ring K =Z[«/§i] for

1+/di

2

deEN* (or K=7] ] for d & N*d=3(mod4) ), there exists a complete

residue system R(w) over K modulo w such that mRa}x)N (s) <cN(w), where
SER(W

+1 (d +1)

16d

the best choice of the constant ¢ 1is for K= Z[\/Zi] and for

1+/di

2

K=7] 1.
We first find the value of max | z*. Recall thatin K = Z[\/E i,
ze

1 1
A= {u+v«/§i:u,v€R,|u I< 5,|V|§5}.



as aresult, for zE€ 4"

d+1
2Pl +d v Ps =,

1 1 1 di
with equality holds if and only if |u |- 5,| vIF IR that is, z=+— 5 iT Since that

exactly one of =+ 5 + BN isin A, we have

d+1
max ==
1++/di
In K=7] */_1],
2
u+vldi 1 d+1
A= ERJulsLvis-—lul+——
) VER IS LVIS —u ]+,
as a result,
1 d+1
2 2 2
2=t < ; =L @ty + T
ith lity holds if and only if =0 _d-l . dl , that i
with equality holds if and only if |u[F0,|v|= Y \u\—z,\v\— 2d at is,

1 d-1 — d+1 ~ . 1 d-1 — d+1 ~
=+—+ + . +—+—:
ZEESE Jdi, 14 Jdi . Since that exactly one of Y, di,- 14 Jdi

1 d-1 d+1

. L1oad-
isin A, and exactly one of > ad di, 1d Jdi isin A4, we have
2= (d+1)°
T ed

In Part I, we have

min max N(s)= max N(s),
SER(W) SES(w)

where S(w)={rw:re& A}ﬂK , SO

d
= < —
min SrenRe% N(s)= Srélse}x N(s) < 4 N(w)

for K= Z[\/Ei] , and

. . (d +1)
min max N(s)=min max N(s) <

N
SER(W) SES(w) 16d ()

1+/di

2

for K=7] ].



Jdi

1
Now, for K = Z[\/E 1], if mis an even positive integer, then (iE iT)n ek,

i
so exactly one of (iEiT)n isin S(n), i.e., there are infinitely many numbers

such that
min sé‘}e?ii)N(S) = Sg}'ﬁ()N(s) = TN(WO)
INdio 1 od-1
for K=7] > ], if nis a positive integer divisible by d , then (igiﬂﬁl)n

d+
and (iﬂ\/_ i)n are elements in K , so exactly one of (i +—\/_ di)n or

d+
- :t— —_— —_
( 4\/—1)11 isin S(n), and exactly one of ( > 4d \/ di)n or ( \/ di)n isin

S(n), i.e., there are infinitely many numbers such that

(d+1)°
min max N(s)=min max N(s) =

N
SER(wy) 16d (),

which gives the theorem.



