Proof of a conjecture stated in A007051

Sela Fried

Let n be a natural number and let a,, = A007051,, = % Define a sequence

(Sn)neN by
2, ifn=1,
Sn = 25n—1+1

PR if n> 1.

The purpose of this note is to prove a conjecture stated (with what seems
to be a typo) in A007051 by Gary Detlefs. We shall exploit the fact stated
in A007051 that a,, satisfies the recurrence a,, = 3a,—1 — 1.

Theorem 1. Let n € N. Then

Proof. We proceed by induction. The base case holds since a(1) = 2 and

a(al(i)l_)l = % = 2 = s7. Assume that the assertion holds for n — 1. Then

QAn—1 + 1 3an-1—1

5 — 2Sn—1 + 1 o 2(1”,1—1 _ap—1—1 3an—1 -1 o Qnp,
s t2 0 42 M2 3a, -2 ap— 1
proving the induction step. O

Remark. The original conjecture read

an
Sp = ————.
Ap—1 — 1

It is easily verified that this is wrong. For example, for n = 2 we have
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On the other hand, since a; = 2 and as = 5, we have
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