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Abstract—When computing a square root, computers still, in
effect, use an iterative algorithm developed by the Babylonians
millennia ago. This is a very unusual phenomenon, because for
most other computations, better algorithms have been invented
— even division is performed, in the computer, by an algorithm
which is much more efficient that division methods that we have
all learned in school. What is the explanation for the success of the
Babylonians’ method? One explanation is that this is, in effect,
Newton’s method, based on the beast ideas from calculus. This
explanations works well from the mathematical viewpoint — it
explains why this method is so efficient, but since the Babylonians
were very far from calculus, it does not explain why this method
was invented in the first place. In this paper, we provide two
possible explanations for this method’s origin. We show that this
method naturally emerges from fuzzy techniques, and we also
show that it can be explained as (in some reasonable sense) the
computationally simplest techniques.

I. How TO COMPUTE THE SQUARE ROOT: AN ITERATIVE
FORMULA GOING BACK TO THE ANCIENT BABYLONIANS

How can we compute the square root x = y/a of a given
number a? Historically the first method for computing the
square root was invented by the ancient Babylonians; see, e.g.,
[2] and references therein. In this “Babylonian” method, we
start with an arbitrary positive number g, and then apply the
following iterative process:
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To be more precise, Babylonians rarely described their
mathematical procedures in algorithmic form: they usually
described them by presenting several examples. Only in the
Greek mathematics these procedures were reformulated in the
general abstract form. This is true for the square root procedure
as well: the first person to describe this procedure in general
abstract terms was Heron of Alexandria, mostly known as the
inventor of the steam engine; see, e.g., [3]. Because of this,
the above algorithm is also known as “Heron’s method”.

II. PROPERTIES OF THE BABYLONIAN METHOD

If we start with the value xy which is already equal to the
square root of a, xo = \/a, then, as one can easily check, the

next iteration is the exact same value:
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It has been proven that this method converges: =, — +/a for
all possible starting values zg. It is intuitively clear that we
closer the original approximation x( to the square root, the
faster the convergence.

Convergence is not so straightforward to prove, but it is
straightforward to prove that if the sequence x, converges
to some value x, then this limit value x is indeed the desired
square root. Indeed, by tending to a limit z,, — x and x,,1 —
z in the formula (1), we conclude that
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Multiplying both sides of this equality by 2, we get
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By subtracting x from both sides, we conclude that x = ﬁ.
Multiplying both sides of this equality by z, we get a = xai;
this is exactly the defining equation of the square root.

III. BABYLONIAN METHOD: A NUMERICAL EXAMPLE

The Babylonian method for computing the square root is
very efficient. To illustrate how efficient it, let us illustrate
it on the example of computing the square root of 2, when
a=2.

Let us start with the simplest possible real number xy = 1.
Then, according to the Babylonian algorithm, we compute the
next approximation x; to /2 as
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The next approximation is
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So, after two simple iterations, we already get 3 correct
decimal digits of v/2 = 1.41...

1
(1.541.3333...) = 3 2.8333...=1.4166.... (6)

IV. BABYLONIAN METHOD IS VERY EFFICIENT

The above example is typical. In general, the Babylonian
method for computing the square root converges very fast.

In fact, it is so efficient that most modern computers use
it for computing the square roots. The computers also take
advantage of the fact that inside the computer, all the numbers
are represented in the binary code. As a result, division by 2
simply means shifting the binary point one digit to the left:
just like in the standard decimal code, division by 10 simply
means shifting the decimal point one digit to the left, e.g.,
from 15.2 to 1.52.

V. THE LONGEVITY OF THE BABYLONIAN METHOD IS
VERY UNUSUAL

The fact that the Babylonian method for computing the
square root has been preserved intact and is used in the modern
computers is very unusual.

Even for simple arithmetic operations such as division, the
traditional numerical procedures that people has used for cen-
turies turned out to be not as efficient as newly designed ones.
For example, in most computers, subtraction and operations
with negative numbers are not done as we do it, but by using
the 2s complement representation; see, e.g., [1]. Similarly,
division is not performed the way we do it, but rather by
using a special version of Newton’s method, etc.

In contrast, the Babylonian method for computing the
square root remains widely used. What is the reason for this
longevity? How could Babylonians come up with a method
which is so efficient?

VI. NEWTON’S EXPLANATION OF THE EFFICIENCY OF THE
BABYLONIAN METHOD

Historically the first natural explanation of the efficiency
of the Babylonian method was proposed by Isaac Newton.
Newton showed that this method is a particular case of a
general method for solving non-linear equation, a method that
we now call Newton’s method.

Specifically, suppose that we want to solve an equation

f(z) =0, (7

and we know an approximate solution x,,. How can we find
the next iteration?

We assumed that the known value x,, is close to the desired
solution z. So, we can describe this solution as = = z,, + Az,
where the correction Ax def T — x, is relatively small. In
terms of Az, the equation (7) takes the form

flx, + Az) = 0. (8)

Since Az is small, we can use the derivative f’(z,,). Specifi-
cally, the derivative f'(z) is defined as the limit

flan +h) = fzn)
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The limit means that the smaller h, the closer is the ratio

f(xn +h) = f(zn)

A (10)
to the derivative f’(x,). Since Az is small, the ratio
Az
is close to the derivative f'(z,,):
/ ~
fi(zn) = Ar . (12)
We know that f(z, + Az) = f(x) = 0; thus, (8) implies that
! ~— . 1
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and hence, )
x
Az~ —2In) (14)
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So, as the next approximation to the root, it is reasonable to
take the value =, .1 = x, + Az, i.e., the value

f(an)

Tp4+1 = Tn — f/(ZE )
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Finding the square root x = y/a means finding a solution to
the equation 22 —a = 0. This equation has the form f(z) = 0
for f(x) = 2% — a. Substituting this function f(z) into the
general formula (15), we get
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Explicitly dividing each term in the right-hand side expression
by z,, we get
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Opening parentheses, we get
Tp a
nil = Tp — — . 18
Tp+1 =2 5 T3, (18)

Replacing z,, — =+ with ==, and moving the common divisor
2 outside the sum, we get the Babylonian formula
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VII. THERE SHOULD BE A MORE ELEMENTARY
EXPLANATION OF THE BABYLONIAN FORMULA

(19)

Newton’s explanation explains why the Babylonian method
is so efficient — because it is a particular case of the efficient
Newton’s method for solving nonlinear equations.

However, Newton’s explanation does not explain how this
method was invented in the first place, since

« the main ideas of Newton’s method are heavily based on

calculus, while

o the Babylonians were very far away from discovering

calculus ideas.
We therefore need a more elementary explanation of the
Babylonian formula. Two such explanations are provided in
this paper.



VIII. EXPLANATION BASED ON Fuzzy TECHNIQUES:
MAIN IDEA

We are looking for a square root z = +/a, i.e., for the value
for which
(20)

Xr = —.
x

Instead of the exact value x, we only know an approximate
value z,, = x. Since z,, = x, we conclude that
a a
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Because of (20), we can conclude that
L (22)
T

Thus, the desired square root x must satisfy two requirements:

o the first requirement is that x =~ z,;
« the second requirement is that = ~ y,, where we denoted

yn &L (23)

Tn

Thus, we must find = from the following requirement:
(x = x,) & (= yp).

Fuzzy logic is a method for formalizing statements like this;
see, e.g., [4], [6]. In fuzzy logic, to find the value x from the
above requirement, we must follow the following steps:

First, we select the membership function . (2) for describ-
ing the “approximate” relation ==. After this selection,

(24)

« the degree of confidence in a statement z ~ z,, is equal

to px~(z — x,); and

« the degree of confidence in a statement x ~ y,, is equal

to pix (2 = Yn).

Next, we select a t-norm fg (d,d’) to describe the effect of
the “and” operator on the corresponding degrees. After this
selection, for each possible real number x, the degree u(x)
to which this number satisfies the above requirement can be
computed as

() = fe(p~(z

Finally, we need to select a defuzzification procedure that
transforms the membership function p(x) into a single most
appropriate value. For example, as this x, it is natural to take
the value x for which the degree u(z) is the largest possible.

Tn), (T — Yn))- (25)

IX. EXPLANATION BASED ON FuzzY TECHNIQUES:
ANALYSIS

Let us consider different possible selections of a member-
ship function and of the t-norm.

As an example, let us take a Gaussian membership function
to describe “approximate”
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for some o > 0, and the product as a t-norm:
fe(d,d)=d-d. 27)

In this case, we have
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Due to monotonicity of the exponential function, this value
attains the largest possible value when the expression

(@ = 2n)* + (= yn)?

is the smallest possible. Differentiating this expression with
respect to x and equating the derivative to 0, we conclude that
2(x — zp) + 2(x — yn) =0, i.e., that

(29)

T = W (30)

If for the same Gaussian membership function for “approx-
imate”, we choose fg(d,d’) = min(d,d’) as the t-norm, we
get a different expression for p(x):

() = min(p~(z = Tn), pa(T — yn)) =

min (exp (—W) ,exp (— (z— WQ)) . @31
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Due to monotonicity of the exponential function, this value is

equal to
N2
() = exp (— Yn) )) L)

and this value is the largest when the expression

- yn)Q)

is the smallest possible. This expression, in its term, can be
rewritten as max(|z — x,|?, |x — yn|?). Due to the fact that
the absolute values are always non-negative and the square
function is monotonic on non-negative values, this expression
has the form (max(|z — 2|, |* — y,|))?, and its minimum is
attained when the simpler expression max(|x — x|, |2 — yn|)
is the smallest possible. Let us show that this expression also
attains its smallest possible value at the midpoint (32).
Indeed, in geometric terms, the minimized expression
max(|z — x|, |x — yn|) is simply the largest of the distances
|z — x,| and |z — y,| between the desired point = and the
given points x, and y,. Due to the triangle inequality, we
have |z — x| + |2 — Yn| = |Tn — ynl. Thus, it is not possible
that both distances |z — z,| and |x — y,| are smaller than

|$n _yn|

max((z — z,)?%, (v
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max((z — z,)?, (z (33)

— because then their sum would be smaller than

|z, — yn|. So, at least one of these distances has to be larger
- yn|

|z

than or equal to , and therefore, the largest of these

distances max(|z — |, |z — yn|) is always larger than or

|xn - ynl

equal to . The only way for this largest distance is

to be equal to

L;yﬂ is when both distance |z — x,,| and



|z — yn| are equal to [0 = ynl

, i.e., when the desired point
z is exactly at a midpoint %32) between the two given points
z, and y,.

One can show that we get the exact same answer (32) if
we use triangular membership functions, symmetric piece-wise

quadratic membership functions, different t-norms, etc.

X. EXPLANATION BASED ON Fuzzy TECHNIQUES:
RESULT

Our analysis shows that for many specific selections of the
membership function for “approximate” and of the t-norm, we
get the same answer:

Tn + Yn
—

In other words, for many specific selections, as the next
approximation x, 1 to the square root x, we take exactly the
value x,; from the Babylonian procedure.

Thus, fuzzy techniques indeed explain the selection of the
Babylonian method.

XI. THE IMPORTANT ROLE OF SYMMETRY

The fact that different choices lead to the same result x
can be explained by the symmetry of the problem. Indeed, the
problem is symmetric with respect to reflection

x— (Tp+yn) — (34)

that swaps the values x,, and y,,. Thus, if we get the unique
solution z, this solution must be invariant with respect to this
symmetry — otherwise, the symmetric point would be another
solution [5].

This invariance means that © = (z,, + y,) — = and thus,
T + Yn
that © = —y

XII. THIS APPLICATION OF FUzZzY TECHNIQUES IS
RATHER UNUSUAL

The fact that fuzzy techniques can be useful is well known
[4], [6]. However, usually, fuzzy techniques lead to a good
approximation: to an ideal control, to an ideal clustering, etc.
What is unusual about the Babylonian algorithm is that here,
fuzzy techniques lead to exactly the correct algorithm.

XIII. EXPLANATION BASED ON COMPUTATIONAL
COMPLEXITY: MAIN CLAIM

In any iterative procedure for computing the square root,
once we have the previous approximation x,, we can use:

o this approximation x,,
o the value a, and
o (if needed) constants

to compute the next approximation z,+1 = f(x,,a) for an
appropriate expression f.

For the iterative method to be successful in computing
the square root, the expression f(z,,a) should satisfy the
following natural properties:

o first, if we start with the value x,, which is already the
square root z, = /a, then this procedure should not
change this value, i.e., we should have f(\/a,a) = /a;

« second, this iterative method should converge.

In the Babylonian method, the computation of the corre-
sponding expression f(z,,a) involves three arithmetic oper-
ations:

e a division

=, (35)
T,
o an addition
Ty + —; (36)
T
and
¢ a multiplication
0.5- <xn n a) . 37)
T

Our claim is that this is the simplest possible operation.

In other words, our claim is that it is not possible to find
an expression f(z,,a) which would be computable in 0, 1,
or 2 arithmetic operations.

Let us prove this claim.

XIV. ITIs NOT POSSIBLE TO HAVE 0 ARITHMETIC
OPERATIONS

If we are not allowing any arithmetic operations at all, then
as Zp4+1 = f(n,a), we should return

o cither the value x,,,
o or the value a,
e Or some constant c.

In all three cases, we do not get any convergence to the square
root:

¢ in the first case, the values x,, remain the same and never
converge to \/a:

Log=21=2o=...=Tp =...; (38)

o in the second case, we start with some initial value zg
and then repeatedly return the values equal to a:

T1=Xo=...=Xp =...= 39

o in the second case, we start with a value zo and then
repeatedly return the values equal to the constant c:

T1=To=...=Tp=...=C¢C. (40)

XV. ITIs NOT POSSIBLE TO HAVE 1 ARITHMETIC
OPERATION

The arithmetic operation is either addition, or subtraction,
or multiplication, or division. Let us consider these four cases
one by one. All operations involve the values x,, and a and a
possible constant(s) ¢ and c’.

For addition, depending on what we add, we get x=,, + x,
Ty +a, T, +c a+a,a+c and c+ . In all these cases, for
Zn = +/a, the result is different from +/a. So, the expression



f(xn,a) involving only one addition does not satisfy the
condition f(y/a,a) = +/a.

For subtraction, depending on what we subtract, we get the
expressions T, —a, @ — Ty, T, —c With ¢ # 0, c — x,, a — ¢,
¢ —a, and ¢ — ¢ (we dismiss the trivial expressions of the
type a —a = 0). In all these cases, for x,, = 1/a, the result is
different from \/a. So, the expression f(x,,a) involving only
one subtraction does not satisfy the condition f(v/a,a) = v/a.

For multiplication, depending on what we multiply, we get
Ty Ty T+ Ay Ty C, G-, a-C, and c¢-c’. In all these cases, for
Zn, = y/a, the result is different from \/a. So, the expression
f(xn, a) involving only one multiplication does not satisfy the
condition f(y/a,a) = +/a.

For divisioxn, degend%ng on what we divide, we get the
expressions —-, —, — with ¢ # 1, —, —, —, and —

a’ T, c T Coa c
(we dismiss the trivial expressions of the type Pl 1).

a
In all these cases, except for the case —, for z, = +/a,
T

n
the result is different from +/a. So, the expression f(z,,a)
corresponding to all these cases does not satisfy the condition
fWa,a) = Va.
In the remaining case
a

f(xn’a) =

Tn

(41)

we do have a

f(Wa,a) = % =, 42)
but we do not satisfy the second condition: of convergence.
Indeed, in this case,

o= —, 43)
Zg
then a “
Tg=— = Zo, (44)
x1  a/xg
and then again,
3= = =g, (45)
o i)
etc. So, here, we have
apg =a2 = ... =0a2p = ..., (46)
a1 =03 =...= Agp41 = 47)

and no convergence.

XVI. ITIs NOT POSSIBLE TO HAVE 2 ARITHMETIC
OPERATIONS

Similarly, one can prove that it is not possible to have two
arithmetic operations. This can be proven by enumerating all
possible sequences of arithmetic operations and then checking
that for all possible inputs (x,,, a, or c) the resulting expression
f(zn, a):

« either does not satisfy the requirement f(/a,a) = /a;

« or does not lead to the convergence to the square root.

For example, if we first add, and then multiply, then we get
the expression (e + €’) - ”. Replacing each of the possible

inputs e, ¢/, and ¢” with one of the possible values x,,, a, or
¢, we get all possible expressions f(z,,a) corresponding to
this case.

For example, if we take ¢ = z,, and ¢’ = ¢’ = a, we get
the expression f(x,,a) = (2, +a)-a. This expression clearly
does not satisfy the requirement f(y/a,a) = /a. If we take
e = T,, € = a, and €’ = ¢, then we get the expression
f(zn,a) = (zn + a) - @ which also does not satisfy the same
requirement.

By considering all possible cases, we can thus prove that
no expression with 2 arithmetic operations is indeed possible.

XVII. POSSIBLE PEDAGOGICAL USE OF THIS PROOF

In our opinion, this proof provides a good pedagogical
example of a simple easy-to-handle arithmetic problem that
is actually not a toy problem at all: it is related to an efficient
algorithm for computing the square root.

For each combination of operations and inputs, it is rel-
atively easy to come up with an explanation of why this
particular combination will not work. With a sufficiently
large number of students in a class, and a sufficient time
allocated for this exercise, students can actually check all the
possibilities — and thus get a sense of achievement.

Indeed, we have 4 possible operations coming first, 4
possible operations coming second, so we have 42 = 16
possible sequences of operations. So, if we have 16 students in
the class, each student can handle one of these combinations.
If we have 32 students, then we can divide students into
pairs so that each pair of students handles one combination
of operations.

For each of the these combinations of operations, we have 3
options for each of the inputs, so totally, we have a manageable
number of 3% = 27 possible combinations.

XVIII. Is BABYLONIAN FORMULA THE ONLY POSSIBLE
OPERATION THAT REQUIRES THREE ARITHMETIC
OPERATIONS?

We have shown that every iterative procedure for computing
the square root requires at least three different arithmetic
operations on each iteration. Since the Babylonian procedure
requires exactly three operations, it is thus indeed the fastest
possible.

The next natural question is: are there other iterative pro-
cedures that require three arithmetic operations on every iter-
ation? The answer is No — but this proof requires considering
a very large number of possible combinations.

XIX. A MORE MANAGEABLE PROOF: THE BABYLONIAN
PROCEDURE IS THE FASTEST

In the above discussions, to estimate how fast each computa-
tion is, we simply counted the number of arithmetic operations.
This counting makes sense as a good approximation to the
actual computation time, but it implicitly assumes that all
arithmetic operations require the exact same computation time.
In reality, in the computer, different arithmetic operations



actually require different computation times. Specifically, in
the computer (just like in human computations),

« addition and subtraction are the simplest (hence fastest)
operations;

« multiplication, in effect, consists of several additions —
of the results of multiplying the first number by different
digits of the second one; thus, multiplication takes longer
than addition or subtraction;

« finally, division, in effect, consists of several multipli-
cations — and thus requires an even longer time than
multiplication.

Each iteration of the Babylonian algorithm consists of one
division, one multiplication, and one addition. Since division
is the most time-consuming of the arithmetic operations, to
prove that the Babylonian algorithm is the fastest, we must first
prove that no algorithm without division is possible. Indeed,
if we only use addition, subtraction, or multiplication, then
the resulting expression is a polynomial. Once we have a
polynomial f(z,,a), the requirement f(y/a,a) = \/a can
only be satisfied for a linear function f(x,,,a) = x,, for which
there is no convergence.

Thus, each expression must have at least one division, i.e.,
at least as many as the Babylonian expression. It can still
be faster than the Babylonian formula if we have exactly 1
division and no multiplications, just divisions, addition, and
subtraction. By enumerating all possibilities, one can conclude
that such an expression is impossible.

Thus, every expression must have at least one division, and
at least one multiplication. So, it is not possible to have an
expression which is faster than the Babylonian one, but it may
be potentially possible to have an expression which is exactly
as fast as the Babylonian one, i.e., that consists of:

e one division,
« one multiplication, and
o one addition or subtraction.

Again, one can enumerate all possible combinations of these
three operations and see that the Babylonian expression is the
only one that leads to convergence to the square root.
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