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Real-time digital twins of multiphysics and
turbulent flows

By A. Nóvoa† AND L. Magri†‡

Developing real-time digital twins for multiphysics systems is challenging due to the
intricate and nonlinear interactions between subsystems, and the high-dimensionality
and heterogeneity of the data. Further, multiphysics systems are often affected by un-
predictable turbulent dynamics. In this paper, we propose two digital twins. First, we
develop a digital twin of acoustics–flame instabilities in a hydrogen-based annular com-
bustor, which combines raw acoustic pressure data, a physics-based reduced order model
(ROM) and a reservoir computer that infers the model bias and measurement shift. The
three elements are statistically combined by the regularized bias-aware ensemble Kalman
filter (r-EnKF). The r-EnKF enables (i) simultaneous on-the-fly inference of all the phys-
ical model parameters and states and (ii) the real-time estimation of errors in both the
model and the data. Second, we develop a digital twin of a turbulent wake. We propose a
data-driven ROM of a large eddy simulation (LES) of the turbulent wake by leveraging
proper orthogonal decomposition and an echo state network (POD-ESN). We show that
the r-EnKF can adaptively update the POD-ESN prediction of the turbulent wake in real
time using sparse data on a small subset of the domain. This works opens opportunities
for real-time digital twining of multiphysics and turbulent flows.

1. Introduction

Multiphysics flows are the backbone of applications from sustainable aviation through
health care to energy conversion systems (Magri 2021). Examples of multiphysics flows
are structures interacting with fluids (Gomes & Palacios 2022), acoustics interacting with
chemistry (Magri 2019), and electromagnetic waves interacting with particles (Lalli &
Giusti 2023). Predicting multiphysics systems accurately in time is challenging because (i)
different models are used for each subsystem, which have different levels of accuracy; (ii)
the interactions between the subsystems are intricate and nonlinear; and (iii) multiphysics
systems are typically turbulent, thus they are unpredictable in space and time, as any
small perturbation to the system grows exponentially in time (the butterfly effect). To
model multiphysics systems on the fly, we need a synergistic and principled approach that
combines physics-based models, data from sensors, bias-aware data assimilation and a
machine learning tool to estimate the errors present in both data and models (Nóvoa
et al. 2024a). This is a real-time digital twin.

First, a “good” physical model should provide a time-accurate representation of the
system at low computational cost, i.e., a reduced order model (ROM). ROMs can be
qualitatively accurate because they capture some key physical dynamics, but they are
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quantitatively inaccurate due to model assumptions (Magri & Doan 2020), which may re-
sult in systematic model errors (also known as model bias). This situation is exacerbated
by turbulence because of its spatiotemporal chaotic amplification of errors (Duraisamy
et al. 2019). Second, a digital twin requires data from sensors. The data are accurate,
but, typically, they are sparse in time and space and are affected by aleatoric noise (e.g.,
environmental noise), and systematic errors (e.g., shifts). Data can be used to improve
the quantitative accuracy of ROMs by calibrating model parameters or providing a clo-
sure model. These techniques are typically offline and not adaptive in real time (e.g.,
Lassila et al. 2014; Pawar et al. 2020; Lavadera et al. 2024). Nonetheless, a reliable dig-
ital twin must adapt on the fly to changes to its physical counterpart. Thus, we need a
strategy for the ROM to self-correct with data. Third, in a real-time context, the ROM
and the sensors may be affected by systematic errors. Machine learning has been de-
ployed to infer and remove the biases either from the data (e.g., Liang et al. 2023) or
from the model (e.g., da Silva & Colonius 2020; Nóvoa & Magri 2022), but not both
biases at once. It is paramount to design strategies to separate between ROM biases and
errors in the sensors. Fourth, to seamlessly combine ROMs and data, we need a rigorous
uncertainty-aware technique. Bias-aware data assimilation methods are designed to im-
prove model accuracy by statistically introducing any available data (e.g., pressure and
wire measurements) into the model while accounting for biases in the framework.

State-of-the-art computational methods for the time-accurate prediction of multi-
physics flows are based on direct numerical simulations, LES and unsteady Reynolds-
averaged Navier-Stokes, all of which cannot be deployed in real-time applications because
they are computationally expensive (with distinct levels of complexity). In the context
of nonlinear ROMs, most available methods are offline, i.e., they are not adaptive in
real time [e.g., spectral POD (Arun et al. 2023)], or they may be difficult to interpret
physically [e.g., adaptive basis modeling (Huang et al. 2022)]. The combination of data as-
similation with machine learning and data-driven methods has shown potential to predict
complex dynamics (Geer 2021). We recently proposed the first real-time bias-aware data
assimilation method for combined state, parameters and model error inference (Nóvoa
et al. 2024b). Here, we generalize the framework to infer simultaneously the ROM bias
and the data shift, and we apply the framework to two fluid dynamics problems: multi-
physics fluids (aeroengines) and turbulence (wakes) to deliver practical digital twins that
interface with experimental data.

The paper is structured as follows. Section 2 introduces mathematically multi-physical
systems. Section 3 provides the theoretical background to digital twins. Sections 4 and 5
include the design and testing of their digital twin of the acoustics–flame system and the
turbulent wake, respectively. Section 6 closes the paper with conclusions.

2. Multiphysics dynamical systems

We view a multiphysics problem with D interacting subsystems as a dynamical system

d

dt




ϕ1

ϕ2
...
ϕD


 =




G1(ϕ1;αG,1)
G2(ϕ2;αG,2)

...
GD(ϕD;αG,D)


+




H1(ϕ1,ϕ2, . . . ,ϕD;αH,1)
H2(ϕ1,ϕ2, . . . ,ϕD;αH,2)

...
HD(ϕ1,ϕ2, . . . ,ϕD;αH,D)


 , (2.1)

where Gi is the set of equations that governs the physical subsystem i whose physical state
is ϕi, Hi is the set of interaction terms that couple the different physical quantities (e.g.,
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temperature or pressure) and αi = [αG,i;αH,i] is the set of parameters of subsystem i†.
If the governing equations are partial differential equations, the operators Gi and Hi are
the spatial discretization of the equations, which encapsulate the boundary conditions.
The equations in Eq. (2.1) are closed by the initial conditions ϕi,0 = ϕi(t = 0).

A system is multiphysics when Hi ̸= 0 for at least one i. We refer to a multiphysics
system with D subsystems as a D-way-coupled multiphysics system. For example, a
flying flexible wing is a fluid–structure interaction problem with two subsystems, i.e., the
wing’s structural mechanics and the fluid mechanics around it; and the combustor of an
aeroengine, there are D = 3 subsystems interacting with each other: the heat released
by chemical reactions, turbulent fluid mechanics and acoustics, i.e., it is a three-way-
coupled multiphysics system. The degree of coupling and the number of subsystems at
play may be a modeling choice. In Section 4, we design a digital twin of the acoustics–
flame subsystems in an combustor, i.e., we simplify the problem by focusing on two of
the three subsystems. Then, we design a digital twin of a turbulent wake in Section 5.

3. Real-time digital twin: The theoretical components

In this section, we introduce the theoretical formulation of real-time digital twins. In
a digital twin framework, we have three sources of information:
(1) Reduced order model : Numerical models are the first source of information to esti-

mate a physical system t i =Mi(ϕi) + b + εϕ, where t i is the true state, Mi is the
measurement operator, which maps the state variables into the observable space, b
is the model bias, and εϕ is the aleatoric noise. High-fidelity models provide predic-
tions with small bias, but their high computational cost makes them not suitable
for real-time applications. Theefore, we employ ROMs, which provide qualitatively
accurate estimates with only a few degrees of freedom dim {ϕ} ∼ O(1− 1000).

(2) Data stream: The second source of information is the data from sensors, d i. In real
time, data are processed on the fly, i.e., one data point at a time. Because the sensors
collect raw data, they record the truth subject to aleatoric and epistemic errors, i.e.,
t i = d i + bd + εd, where εd is the aleatoric noise and bd is the measurement shift.

(3) Bias and uncertainties: So far, we have two known quantities: the modelMi(ϕi) and
the observations d i, and four unknowns: b, bd, εϕ and εd. First, we assume that
the aleatoric noise terms present in the framework are normally distributed, i.e.,
εϕ ∼ N (0 ,Cϕϕ) and εd ∼ N (0 ,Cdd), where N (0 ,C) is a normal distribution with
zero mean and covariance C. Second, we assume that the sensors independent and
well-calibrated, such that Cdd is a diagonal matrix with identical entries. Second, we
assume that our ROM is qualitatively accurate such that the model bias b is small.
In Section 4, we employ reservoir computers to model both bd and b.

To combine the three sources of information, we use data assimilation. Specifically, we
use real-time bias-aware data assimilation to simultaneously estimate the model state
and parameter and the errors present in the assimilation (Nóvoa et al. 2024b). First, we
define the augmented state vector ψ = [ϕ1; . . . ;ϕD;α1; . . . ;αD;Mi(ϕi); . . . ;MD(ϕD)],
which we write as ψ = [ϕ;α;M(ϕ)] for brevity. Second, we model the uncertainty as
Gaussian noise, αt = α + εα. Third, we consider an ensemble approach to estimating
the first two moments of the probability density function (PDF) of the solution. Each
of the m members in the ensemble are propagated independently and, at the time of
assimilation (i.e., the analysis step), the mean and variance of the PDF are estimated

† We employ column vectors and the operator [ ; ] indicates vertical concatenation
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Figure 1. (a) Experimental setup of the annular combustor (Indlekofer et al. 2021). (b) Diagram
of the cross-section area of the combustor with 12 swirling flames and 4 microphones. (c) Example
of (top) the raw data recorded by the four microphones, which is assimilated in real time, and
(bottom) the band-passed pressure data, which is unavailable in real time and we refer to as the
“presumed ground truth”.

with the ensemble statistics ψ̄ = 1
m

∑
j ψj and Cψψ = 1

m−1

∑
j(ψj − ψ̄)(ψj − ψ̄)T,

respectively. Thus, we write the compact notation of Eq. (2.1) as




dψj
dt

=
[
F(ϕj ;αj ; εϕ; εα); 0

]

Mψj =M(ϕj)

, for j = 1, . . . ,m, (3.1)

where F encapsulates both the subsystems’ governing equations and their interactions,
and the transformed measurement operator M = [0; I] is linear, with I the identity matrix.
Lastly, the ensemble is updated at the analysis step via the r-EnKF. Following Nóvoa
et al. (2024b), we weight the model bias with the data error matrix Cdd and use the
regularization parameter γ to tune the norm, such that the r-EnKF reads

ψa
j = ψf

j + Kr
[
(I + J)

T
(
d j + bd −Mψf

j − b
)
− γJTb

]
, for j = 1, . . . ,m, (3.2a)

where the superscripts ‘a’ and ‘f’ stand for analysis and forecast, respectively; J =
db/dMψ is the Jacobian of the bias estimator (i.e., the Jacobian of the echo state network
in Section 4); and

Kr = Cf
ψψM

T
[
Cdd + (I + J)T(I + J)MCf

ψψM
T + γJTJMCf

ψψM
T
]−1

(3.2b)

is the bias-regularized Kalman gain matrix. The r-EnKF is an approximate Monte
Carlo sequential data assimilation method, which generalizes the ensemble Kalman filter
(EnKF) to account for errors in the model and/or the data. An analysis state given by
(3.2) is “good” if the unbiased state Mψ + b matches the corrected observations d + bd
(i.e., the truth) and the norm of the bias b is small. If there are no systematic errors,
i.e., b = bd = 0 , Eq. (3.2) simplify to the EnKF.

4. Real-time digital twin of an acoustics–flame system

In this section, we develop a real-time digital twin of the acoustics–flame system shown
in Figure 1. The available data in real time (Indlekofer et al. 2021) are pressure measure-
ments from microphones located at θ = {0◦, 60◦, 120◦, 240◦} [Figure 1(b)]. The data are
noisy and shifted, i.e, the raw pressure is not centered at zero [Figure 1(c)]. We employ
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Figure 2. Schematic of the digital twin of the acoustics–flame system. The input to the ESN is
innovation i = d−Mψ̄, which is an estimate of the sum of the bias and the shift, i.e., i ≈ b+bd.
The Jacobian term in Eqs. (3.2) is hence J = −db f

k+1/di
a
k (see Nóvoa et al. 2024b, for details).

a well-established ROM of the acoustics–flame system (e.g., Indlekofer et al. 2021). The
dynamics of the system can be qualitatively modeled by the nonlinear wavelike equation

∂2p

∂t2
+ ζ

∂p

∂t
− [1 + ϵ cos (2(θ −Θϵ))]ω

2 ∂
2p

∂θ2
=
∂q̇

∂t
, (4.1)

with
∂q̇

∂t
= β [1 + c2 cos (2(θ −Θβ))] p− κp3, (4.2)

where p is the acoustic pressure and q̇ is the heat release rate. The model parameters
are the acoustic damping ζ; the acoustic period 2π/ω; the reactive symmetry ampli-
tude ϵ and phase Θϵ; the magnitude of nonlinear saturation of the flame response κ;
the heat release strength β; the direction of maximum acoustic pressure, Θβ ; and the
asymmetry intensity c2. We project the acoustic pressure on the first degenerate pair of
eigenmodes of the homogeneous wave equation p(t, θ) = ηa(t) cos θ + ηb(t) sin θ, where
ηa and ηb are the acoustic velocity modes. The discretized equations yield the model
state vector ϕ = [ηa; η̇a; ηb; η̇b], where η̇a and η̇b are the acoustic pressure modes, and the
set of parameters to infer α = [ν;κ; c2β;ω; Θβ ; ϵ; Θϵ], where ν = 1

2 (β − α) is the growth
rate (Nóvoa et al. 2024a). Finally, we implement an echo state network (ESN) to estimate
the model bias and the measurement shift as depicted in Figure 2. ESNs are a type of
reservoir computer, which are generalized nonlinear autocorrelation functions (Aggarwal
2018) and whose training consists of solving the computationally cheap linear regression
problem (Lukoševičius 2012)

(RRT + λT I)W
T
out = RDT, (4.3)

where the weights of Wout are the trainable parameters, D is the training dataset, R are
the ESN reservoir states and λT is the Tikhonov regularization factor† The predictions
of the ESN and the model F come together when microphone data become available
(Figure 2). The r-EnKF updates the state and parameters of the model, which in turn
provide an updated estimate of the input to the ESN.

4.1. Results

We employ an ensemble with m = 20 and we assimilate data approximately every 0.7
acoustic periods. The ESN is trained with 50 neurons and 10 washout steps for initializa-
tion. Figure 3 shows the inference of the acoustic pressure at one of the four microphones,

† For details on the ESN design and training, the reader is referred to Nóvoa et al. (2024a).
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Figure 3. Comparison between the digital twin performance using (top) EnKF, i.e., no bias
estimation, (middle) r-EnKF with γ = 0 and (bottom) r-EnKF with γ = 2. (a) Acoustic pressure
at θ = 240◦ and (b) RMS error. The vertical lines indicate the assimilation window.

10-3

10-4

Figure 4. Time evolution of the acoustics–flame model parameters throughout assimilation.

and the evolution of the root mean square (RMS) error for three setups: (i) a digital twin
without modeling the model bias, i.e., using the bias-unaware EnKF, (ii) a nonregular-
ized bias-aware assimilation and (iii) the proposed r-EnKF with γ = 2. The proposed
bias-regularized method successfully recovers the acoustic pressure with a small-norm
bias, and the RMS error remains small after the assimilation has stopped. Therefore,
we conclude that the r-EnKF infers in real time a set of model parameters, state and
modeling errors that accurately characterize the dynamics of the multiphysics system.
The evolution of the model parameters for the regularized case is shown in Figure 4.
In contrast to offline ROMs, the proposed digital twin infers simultaneously and in real
time all the parameters in the model, the model state and, importantly, the model error
and measurement shift.

5. Real-time digital twin of a turbulent wake

In this section, we develop a real-time digital twin of the turbulent wake of flow past
a mesh. We employ the data from a LES from Bekoglu et al. (2024). The simulations
were carried out on the Fortran solver Xcompact3D (Bartholomew et al. 2020) at Re =
5000 with a homogeneous mesh and zero ambient turbulent intensity. The objective
is to estimate the full velocity flow fields by assimilating data from sparse probes in
real time. We select the optimal placement of the probes through QR decomposition of
a downsampled region (Figure 5). In this scenario, we do not have a well-established
physical ROM, in contrast to the acoustic-flame model in Section 4. We propose a POD-
ESN model as a non-intrusive ROM. First, we apply snapshot POD to our dataset
U = [ux,0, . . . ,ux,Nt

;uy,0, . . . ,uy,Nt
], where Nt is the number of training snapshots. The
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Figure 5. Turbulent wake streamwise ux and spanwise uy velocity fields from LES simula-
tions (Bekoglu et al. 2024). The dashed rectangles shows the measurement region, and the 10
probes are colored from white to dark red according to the QR selection.

(b)

/
/

(a)

Figure 6. Spectrum of the eigenvalues from POD decomposition of the turbulent wake. (a)
Eigenvalues normalized by the dominant λ0. (b) Cumulative energy of the system. The POD
decomposition has converged as the cumulative sum relative to the total kinetic energy (TKE)
coincides with the cumulative sum relative to the sum of all POD eigenvalues.

snapshot POD decomposition reads

U(x , t) = A(t)ΣΨT(x ), (5.1)

where x = [x; y] are the spatial coordinates, A are the POD coefficients, Σ is the matrix
of singular values σj and Ψ are the POD modes (the orthonormal basis). The spectrum
of POD eigenvalues λj = σ2

j , which measure the energy level contained in each mode,
is shown in Figure 6. Second, we train an ESN to learn the time evolution of the first
Nmode POD temporal coefficients a . We select the Nmode = 50 to retain at least 50%
of the system’s energy in the POD-ESN model. We train a reservoir with Nr = 1000
neurons. The POD coefficients are forecast with the ESN equations

ak+1 = Wout [rk+1; 1]

rk+1 = tanh (σinWin [ak ⊙ g ; δr] + ρWrk) , (5.2)

where the inputs and outputs of the ESN reservoir are the POD coefficients at time tk
(ak) and tk+1 (ak+1), respectively. The input matrix Win (fixed sparse and randomly
generated), is weighted by the input factor σin, and maps the state normalized by the
factor g (⊙ is the Hadamard product) into the ESN. The reservoir is characterized by the
matrix W (fixed sparse and randomly generated), which is scaled by the spectral radius
ρ and acts as the numerical memory, and the time-varying Nr-dimensional state r . The
tanh(·) operation is performed element-wise, and δr is a symmetry-breaking constant.
The output matrix Wout maps the forecast rk+1 back into the physical dimension. The
weights of Wout are trained by solving the linear regression system in Eq. (4.3) and
the hyperparameters ρ = 0.95 and σin = 4.7 · 10−7 are optimized through a recycle
validation and Bayesian optimization (Racca & Magri 2021). We neglect biases in the
model and data to simplify the analysis (this assumption will be relaxed in future work).
Finally, we apply data assimilation to test the digital twin of the turbulent wake. The
POD-ESN prediction is updated with the EnKF (i.e., the limiting case of the r-EnKF
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Figure 7. Schematic of the digital twin of the turbulent wake system.

Figure 8. Comparison of the velocity fields of the LES data (Bekoglu et al. 2024), the LES
projection of the POD basis and the POD-ESN reconstruction (a) before and (b) after assimi-
lation. The RMS is computed between the projected LES and the POD-ESN reconstruction.

Full domain MSE

(a)

Sensors' MSE

(b)

Figure 9. Time evolution of the mean squared error (MSE) between the POD-ESN ensemble
prediction and the projection of the LES on the POD basis. The MSE is computed (a) for the
full domain and (b) for the sensor locations. The vertical lines indicate the assimilation window.

when b = bd = 0 ) when data from the observation probes become available (Figure 7).
The state to infer in the POD-ESN is ϕ = [a ; r ], i.e., the temporal coefficients and the
reservoir state. Updating r and a simultaneously allows us to keep the reservoir and the
physical states synchronized in time.

5.1. Results

We employ an ensemble with m = 50 and perform 35 analysis steps. Figure 8 shows
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the velocity fields at two snapshots: before and after data assimilation. The EnKF cor-
rectly nudges the POD-ESN dynamics toward the correct physical state in time [see the
matching large/small uy regions in Figure 8(b)]. Further, the RMS error significantly
decreases with the assimilation. The time evolution of the mean squared error (MSE)
is shown in Figure 9, where each line corresponds to one ensemble member. The MSE
systematically decreases throughout the assimilation but it increases after assimilation.
This is because of turbulent effects, as well as due to the non-optimal characteristics of
the EnKF solution in the presence of model bias, as discussed in Section 4. Current work
focuses on the introduction of a bias estimator into the turbulent wake digital twin.

6. Conclusions

Developing real-time digital twins for multiphysics flows is challenging due to nonlinear
interactions between subsystems and the unpredictability of turbulence. We propose a
digital twin framework that exploits real-time data assimilation to integrate information
from (i) biased but qualitatively accurate reduced-order models (ROMs) and (ii) sparse
yet quantitatively accurate data. First, we develop a real-time digital twin for a hydrogen-
fueled laboratory annular combustor, which integrates raw pressure data, a physics-based
ROM and a reservoir computer that infers model biases and data shifts. These ele-
ments are statistically combined via the regularized bias-aware ensemble Kalman filter
(r-EnKF) (Nóvoa et al. 2024b). Unlike offline ROMs, the r-EnKF enables the dynamic
inference of the model states and parameters, as well as biases in both the model and data
stream. Second, we address the turbulent nature of multiphysics flows with a digital twin
of a turbulent wake. A data-driven ROM of the wake, based on large eddy simulation
(LES), is constructed using proper orthogonal decomposition and an echo state network
(POD-ESN). We use the r-EnKF to update the POD-ESN prediction in real time using
sparse data from a subset of the LES domain. Integrating data into the POD-ESN model
enhances the time prediction accuracy. The proposed real-time digital twin framework
addresses challenges in multiphysics modeling, such as model bias, data uncertainty and
real-time adaptation. Future work will focus on designing a bias estimator for the POD-
ESN. As in the acoustics–flame system, the r-EnKF will infer modeling errors in real
time, providing an optimal and unique estimate of the turbulent system from the ROM.
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