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Abstract

In this paper we study new stochastic approximation (SA) type algorithms, namely, the accel-
erated SA (AC-SA), for solving strongly convex stochastic composite optimization (SCO) prob-
lems. Specifically, by introducing a domain shrinking procedure, we significantly improve the
large-deviation results associated with the convergence rate of a nearly optimal AC-SA algorithm
presented in [4]. Moreover, we introduce a multi-stage AC-SA algorithm, which possesses an
optimal rate of convergence for solving strongly convex SCO problems in terms of the dependence
on, not only the target accuracy, but also a number of problem parameters and the selection of
initial points. To the best of out knowledge, this is the first time that such an optimal method has
been presented in the literature. From our computational results, these AC-SA algorithms can
substantially outperform the classic SA and some other SA type algorithms for solving certain
classes of strongly convex SCO problems.

Keywords: stochastic approximation, convex optimization, strong convexity, complexity, opti-
mal method, large deviation

1 Introduction

In this paper, we consider a class of strongly convex stochastic composite optimization (SCO) prob-
lems given by

U= gél)l}{\ll(x) = f(z) + X(2)}, (1.1)

where X is a closed convex set in Euclidean space £, X (x) is a simple convex function with known
structure (e.g. X(z) =0, X(z) = ||z]1), and f : X — R is a general convex function such that for
some L >0, M >0 and u > 0,
L
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Here, f'(z) € 0f(x) and Jf(z) denotes the subdifferential of f at . We assume that the first-order
information of f is available via subsequent calls to a stochastic oracle (SO). More specifically, at the
t-th call, x; € X being the input, the SO outputs the quantity F(x¢, &) and a vector G(x¢, &), where
{&}+>1 is a sequence of independently and identically distributed (i.i.d) random variables such that
E[F(z,&)] = f(x) and E[G(x,&)] = g(x) € Of(x) for any z € X. We make the following assumption
throughout the paper.

A1l: For any z € X and t > 1, we have E [||G(z, &) — g(2)|2] < o2

In some cases, Assumption Al for the SO is augmented by the following stronger “light-tail”
assumption (see, e.g., [4]).

A2: For any z € X and ¢ > 1, we have E [exp{||G(z,&) — g()]|2/0?}] < exp{1}.

Since the parameters L, M, pu, 0 can be zero, problem (1.1) covers several important classes of
convex programming (CP) problems. In particular, if f is a general Lipschitz continuous function
with constant My, then relation (1.2) holds with L = 0, = 0 and M = 2My. If f is a strongly
convex smooth function in C}J’/lu (e.g., [16]), then (1.2) is satisfied with M = 0. Clearly, relation
(1.2) also holds if f is given as the summation of certain smooth and nonsmooth convex functions.
Moreover, problem (1.1) covers different classes of deterministic CP problems if ¢ = 0. To subsume
all these different possible combinations, we refer to the aforementioned class of CP problems as
]:X,X(La M,o, :u)

In this paper, we focus on the strongly convex case where v > 0. By the classic complexity theory
for convex programming (see, e.g., Theorems 5.3.1 and 7.2.6 of [14], Theorem 2.1.13 of [16], [26] and
[6]), to find an e-solution of (1.1), i.e., a point z € X s.t. E[¥(z) — ¥*] < ¢, the number of calls (or
iterations) to SO cannot be smaller than

o(1) <\/Elog Llizo 6_ ally + (M;U)2> : (1.3)

where x( denotes an initial point, z* is the optimal solution of problem (1.1) and O(1) represents an
absolute constant. However, it is not clear if such a lower complexity bound is achievable or not.
We study stochastic approximation (SA) type algorithms for solving the aforementioned strongly
convex SCO problems. The classic SA method mimics the gradient descent method and was first
proposed by Robbins and Monro [20]. After that the SA algorithms were widely used in stochastic
optimization (see, e.g., [1, 2, 3, 8, 17, 21, 24] and references therein). An important improvement
of the SA method was developed by Polyak [18] and Polyak and Juditsky [19], where longer step-
sizes were suggested with consequent averaging of the obtained iterates. Recently, Nemirovski et
al. [13] demonstrated that a properly modified SA method based on iterate averaging, namely,
the mirror-descent SA, can be competitive and even significantly outperform the Sample Average
Approximation (see, e.g., [7, 10, 22]) method for a certain class of stochastic optimization prob-
lems. They demonstrated that the mirror descent SA exhibits an unimprovable expected rate of
convergence for solving general stochastic convex programming problems without assuming strong
convexity. They also show that the iteration complexity for the classic SA for solving Fx o(L,0, o, 11)

o) (Lmax {Z 211} ) (1.4)

is given by



where G? := sup,cy E[G(z,€)]®2. Note that, in our setting, M = 0 and G? is in the order of
0? + L?max,cy ||z — 2%||? (see Remark 1 of [9]). Clearly, bound (1.4) is substantially worse than
(1.3) in terms of the dependence on L, u and ||zg — z*||, although both of them are of O(1/¢). As
a result, the classic SA method of this type is very sensitive to these problem parameters and the
selection of the initial point xg.

More recently, by properly modifying Nesterov’s optimal method for smooth CP [15, 16], Lan [9]
presented an optimal method for solving Fx o(L,M,o,0), which appears to be the first unified
optimal method for smooth, nonsmooth and stochastic convex optimization. Motivated by this
work, different variants of Nesterov’s method have been studied for solving stochastic CP problems
and most of these methods were designed for solving problems with a regularization term added into
the objective function, i.e., Fx x(L,M,0,0) (see, e.g., [4, 5, 11, 12, 25]). In [4], Ghadimi and Lan
presented a generic accelerated stochastic approximation (AC-SA) algorithm, which, when employed
with proper stepsize policies, can yield optimal or nearly optimal algorithms for solving different
classes of problems in Fx x(L, M, o, p). In particular, they show that, if 41 > 0, then the iteration
complexity for finding an e-solution of (1.1) can be bounded

o) { [Lizo - w2, <M;€a>2 } (1.5)

This bound is significantly better than the bound in (1.4) for the classic SA method applied to
Fx,0(L,0,0,p) in terms of the dependence on L, pu, o and |zg — z*|| (note that M = 0 for this
comparison). They also presented an effective validation procedure to assess quality of the solutions
generated by the AC-SA algorithm. Note however, that the complexity bound (1.5) is still signifi-
cantly worse than the lower bound in (1.3) in terms of the dependence on |z¢p — z*||. Hence, this
algorithm is nearly optimal for solving strongly convex SCO problems with g > 0.

While the aforementioned complexity results evaluate, on average, the performance of the SA-type
algorithms over many different runs, the large-deviations associated with these complexity results
estimate the performance of a single run of these algorithms (e.g. [4, 9, 13]). In particular, under
Assumption A2, Ghadimi and Lan [4] investigated the iteration-complexity of the AC-SA algorithm
for finding an (e, A)-solution of (1.1), i.e., a point Z € X s.t. Prob{¥(z) — ¥* > ¢} < A, for a given
confidence level A € (0,1). They showed that, under Assumption A2, the iteration-complexity of the
AC-SA algorithm for finding an (e, A)-solution for Fx x(L, M, o, u) with p1 > 0, after disregarding a

few constant factors, is bounded by
1. 1)\?
—log — .

Note, however, that this bound is significantly worse than the one in (1.5) in terms of the dependence
on e.

Our contribution in this paper mainly consists of the following aspects. Firstly, observing that
a single-run of aforementioned nearly optimal AC-SA algorithm for strongly convex SCO has signif-
icantly worse theoretical performance guarantee than the average one over many runs, we develop
ways to improve the former iteration-complexity results so that they become comparable to the latter
ones. The basic idea we used is to properly “shrink” the feasible set of (1.1) once in a while dur-
ing the execution of this algorithm. By incorporating such a domain shrinking procedure, we show
that the iteration complexity of the above-mentioned nearly optimal AC-SA algorithm for finding




an (€, A)-solution for Fx x(L, M, o, ;) can be significantly improved to

(@] <1log1> :
€ €

Secondly, by properly restarting the AC-SA algorithm for solving SCO problem without assuming
strong convexity with certain stepsize policy, we present an optimal algorithm with the iteration
complexity bounded by (1.3) for solving strongly convex SCO problems with g > 0. Hence, this
multi-stage AC-SA algorithm possesses an optimal rate of convergence in terms of the dependence
on, not only the target accuracy, but also a number of problem parameters and the selection of initial
points. To the best of out knowledge, this is the first time that such an optimal method has been
presented in the literature. Moreover, we develop ways to improve the large-deviation properties
associated with this iteration complexity by using the aforementioned domain shrinking procedure.
Finally, we demonstrate through our numerical experiments that the aforementioned optimal or
nearly optimal AC-SA algorithms for strongly convex SCO can substantially outperform the classic
SA and some other SA type algorithms. We also compare different variants of AC-SA algorithms
and point out the situations when one would outperform another.

The paper is organized as follows. In Section 2, we review the nearly optimal AC-SA algorithm
for solving Fx x(L,M,o,p) with 4 > 0 and develop a domain shrinking procedure to improve
its iteration complexity for finding an (e, A)-solution of (1.1). Section 3 is devoted to the optimal
algorithms for solving Fx x (L, M, o, ) with p > 0 and their convergence results. Finally, we present
some promising numerical results for the AC-SA algorithms in Section 4.

Notation

e & is endowed with inner product (-,-) and an arbitrary norm || - || (not necessarily the one
induced by the inner product (-, -)).

e For the random process &1, &2, ..., we set £ := (€1, ...,&), and denote by Elﬁm the conditional
expectation., ;) being given.

2 Nearly optimal AC-SA algorithms for strongly convex SCO

In this section, we review a nearly optimal AC-SA algorithm for solving strongly convex SCO prob-
lems presented in [4]. Moreover, we introduce a domain shrinking procedure that can improve the
large-deviation results associated with the convergence rate of this algorithm.

2.1 The AC-SA algorithm for Fy v (L, M, o, 1)

In this subsection, we first review the generic AC-SA algorithm developed in [4, 9] and then show
that it can yield a nearly optimal algorithm for solving Fx x (L, M, o, ) with g > 0. Similarly to
how the classic SA evolves from the gradient descent method, the AC-SA algorithm is obtained by
replacing the gradients with stochastic (sub)gradients in Nesterov’s method for smooth CP [15, 16].
Let w be a continuously differentiable and strongly convex function with modulus v with respect

to | - ||, ie.,
(x — z,Vw(z) — Vw(z)) > v|z — 2||?, Vr,z€ X. (2.1)



We define the proz-function associated with w as
V(z,z) =Vy(z,2) =w(z) — [w(z) + (Vw(z), z — x)]. (2.2)
We assume that V(x, z) is chosen such that the solution of

Py(g,z) := arg min {{g:2) + V(z,2) + X(2)} (2.3)

is easily computable for any g € £* and x € X. Moreover, if there exists a constant Q such that
V(z,2) < Q|lz—2z|?/2 for any x, 2 € X, then we say that V (-, -) is growing quadratically [4]. Without
loss of generality, we assume throughout this paper that @ = 1 for the prox-function V' (z, z) if it
grows quadratically, i.e.,

1
V(z,z) < 5”3: —2||?, Vx,z€X. (2.4)
We are now ready to describe the generic AC-SA algorithm.
A generic AC-SA algorithm

Input: zp € X, prox-function V(z,z), stepsize parameters {a;}>1 and {y}>1 s.t. o =1,
ay € (0,1) for any t > 2, and v, > 0 for any t > 1.

0) Set the initial points 25 = zo and t = 1;
1) Set

gmd — (Lma)(utm) ag o[l — o)y + ]
' T+ (- af)u

Ti-1; (2.5)
e+ (1— o)

2) Call the SO for computing Gy = G ("%, &;). Set

xy = arg ;I.}C_I)I(I {at[<Gt, z) + X(x) + pV (@ )] 4+ [(1 — o)+ v V(z_1, :c)} , (2.6)

= are+ (1 — ap)zy?y; (2.7)
3) Set t < ¢+ 1 and go to step 1.

The following theorem, whose proof can be found in [4], summarizes the main convergence prop-
erties of the generic AC-SA algorithm.

Theorem 1 Consider the generic AC-SA algorithm for Fx x(L, M, o, 1) and suppose that condition
(2.4) holds whenever > 0. Also assume that {ot}i>1 and {Vt}+>1 are chosen such that

v(p+ ) > Laog, (2.8)
N/t =2/Ta =, (2.9)
where
1, P 1,
e { (1—ay)li, t>2. (2.10)
Then,



a) under Assumption A1, we have

t
2(M? +o?)
ag o
E[W(279) — W*] < Be(t) := Ty V (wo, +rtz MM el (2.11)
for any t > 1, where x* is an arbitrary optimal solution of (1.1);
b) under Assumption A2, we have
Prob {W(z}9) — U* > B,(t) + AB,(t)} < exp{—A?/3} + exp{—\}, (2.12)
for any A >0 and t > 1, where
t 2\ 2 t 2 92
o 2020
t) = ol * — r - 2.1
Bl = o tRX(“(; F%) D Db 7 s 7 U
Rx(z*) := max|z—z*|. (2.14)
zeX

By properly specifying the selection of stepsize parameters oy and (;, t > 1, we present in
Proposition 2 a nearly optimal algorithm for solving strongly convex SCO problems. The proof of
this result can be found in Proposition 9 of [4].

Proposition 2 Let {2{9};>1 be computed by the AC-SA algorithm for Fx x(L, M, o, 1) with

2 4L
If n > 0 and condition (2.4) holds, then under Assumption A1, we have
4L * M2 2
E[0(2%) — 0] < D,(t) = 2V @0,T) | BMZH07) oy (2.16)
vt(t+1) vu(t+1)
If Assumption A2 holds, then, YA > 0,Vt > 1,
Prob {W(29) — U* > D.(t) + A\D,(t)} < exp{—A?/3} + exp{—A}, (2.17)
where R )
2 * 8
Dy(t) = — x (@) 7 (2.18)

Va3t optt1)

For the sake of future reference, we call the above AC-SA algorithm with stepsize policy (2.15)
the single-stage AC-SA algorithm.

We now make a few remarks about the single-stage AC-SA algorithm and its convergence proper-
ties in Proposition 2. First, in view of the lower complexity bound (1.3), the AC-SA algorithm with
the stepsize policy (2.15) achieves the optimal rate of convergence for solving Fx x (0, M, o, i), i.e., for
those problems without a smooth component. It is also nearly optimal for solving Fx x(L, M, o, p1),
in the sense that the second term 8(M? +02)/[vu(t+1)] of De(t) in (2.16) is unimprovable. The first



term of D,(t) (for abbreviation, L-component) depends on the product of L and V(zg,z*), which
can be as big as LV (zg,2*) < 2(t + 1)(M? + 02)/p without affecting the rate of convergence (up
to a constant factor 2). Note however that the L-component of D, (t) is significantly worse than the
corresponding one, i.e., the first term in the lower complexity bound (1.3).

Second, observe that the bounds D.(t) and Dp(t), defined in (2.16) and (2.18) respectively, are
not in the same order of magnitude, that is, De(t) = O(1/t) and D,(t) = O(1/v/t). As discussed in
Section 4.2 of [4], under Assumption A1, the number of iterations for finding an (e, A)-solution z € X
such that Prob {¥(z) — ¥* < e} > 1 — A for a given confidence level A € (0,1) can be bounded by

O(1) {i ( Lv(ig’w*) + Mi;—;ﬂ) } (2.19)

Moreover, if Assumption A2 holds, then the number of iterations for finding an (e, A)-solution of
(1.1) can be bounded by

* M2 2 2 1 * 1 2
O(l){ LV (xg,x*) n +0 +V0710g7+ <URX($)10g> } (2.20)
€

Note, however, that the above iteration-complexity bound has a significant worse dependence on €
than the one in (2.19), although it only logarithmically depends on 1/A.

2.2 A domain shrinking procedure for the single-stage AC-SA algorithm

Our goal in this subsection is to introduce a “domain shrinking” procedure for the single-stage AC-
SA algorithm presented in Subsection 2.1 in order to significantly improve the theoretical iteration-
complexity bound (2.20).

More specifically, for a given a positive constant S > 0 and an initial bound V, such that
U(zg) — U* <V, we replace identity (2.6) in the generic AC-SA algorithm by

7, = arg min {at[<Gt, 2) + X(2) + pV (@ 2)] + [(1 = ) + 3 Ve, x)} . (2.21)

Here,
Xy = {w e Xt o —afe,I? < RO}, (2.22)

_ ‘ {0 k=0 _ [
Kt = max{O, {bg S-‘ }, S(k) = { GoF1 k> and R(k) := o (2.23)

Note that the notation log has a base of 2 throughout this paper. Observe that in the above
variant of the AC-SA algorithm, the feasible set X; of (2.21) will be reduced once in a while as the
algorithm advances. For the sake of future references, we call the algorithm described above the
shrinking AC-SA algorithm for Fx x(L,M,o, ). Clearly, to efficiently implement this algorithm,
it is necessary to assume that subproblem (2.21) can be easily solved. This assumption does hold
for many practical problems, e.g., for the unconstrained problems where X = R” in Section 4. In
fact, if the original subproblem (2.5) is easy to solve, one can always conveniently solve (2.21), for
example, by using the Lagrangian relaxation methods, since the latter subproblem has only one more
additional simple constraint than (2.5).



The remaining part of this subsection will be dedicated to the convergence analysis of the above
shrinking AC-SA algorithm. Lemma 3 below describes some convergence properties for the shrinking
AC-SA algorithm using general stepsize parameters.

Lemma 3 Consider the shrinking AC-SA algorithm for Fx x(L, M, o, p) with {a}e>1 and {v:}e>o0
satisfying (2.8) and (2.9). Suppose that p > 0 and condition (2.4) holds. Also assume that the
algorithm is run for t iterations and that

where S(i), R(i) and Ky are defined in (2.23) and

1i
o, = oufi de+( at)ﬂ+%x

_ L 9.25
gty pty ! (2:25)

Then, under Assumption A2,
Prob {W(z{9) — U* + uV (x4, 2%) > Be(t) + ABj(t)} < exp(—A?/3) +exp(—)), YA >0, (2.26)
where Be(t) is defined in (2.11),

1 t 242 t 2[R (IC.)]2
By(t) =Ty |06F +0° Y = Ir and ©;:=Y oz [RIKI (2.27)
=1

rv(p+7r) — Lo — I3

Proof. Tt can be easily seen from the definitions in (2.23) that I, < K; for any 1 < 7 < t. We
then conclude from this observation and assumption (2.24) that

||CL'* B 'ZE‘JS‘F(ICT)H2 < [R(KT)P? T=1,... o4y (228)

which, in view of (2.22), implies that z* € (._, X,. Moreover, by using relations (3.16) and (3.27)
in [4], we have, for any = € (._, X,

aZ(M +|0-|+)°

t
a o
() = W(x) + pV (ze,2) <TenVi(zo, z) + Ty Z |:F<5T7x - $7J-r,1> + T

LT 7 w(p+97) — LaZ]
(2.29)
Let ¢, =Tt (6;,2* — 21 ;). Clearly, we have
E|§[771] [(6r, 2" — xi—l)] =0, (2.30)

and hence that {(;},;>1 is a martingale-difference. Moreover, by (2.21), (2.22) and (2.28), we have
Jo* =l < e = e 1+ lofy — e I S 2R, 7=t (231)

which, in view of Assumption A2, implies that

E\ﬁ[ffu {exp [Cz/ (21";1047072(IC7))2}}

IN

Eie,_yy |exo{(11d: 2" = a7, 1)/ (20R(K))}
B, [exp{([|6-1)?/?}] < exp(1).

IN
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By (2.30), (2.31) and Lemma 6 of [4], we have

t t
YA >0:Prob Y ¢ > 20 [Z I 202[R(K,))? < exp{—A\2/3}.

=1

=1
Combining (2.29), the previous conclusion and relation (3.30) of [4], we obtain (2.26). (]

We specialize in Lemma 4 the convergence properties in Lemma 3 for the the shrinking AC-SA
algorithm with stepsize policy (2.15).

Lemma 4 Consider the shrinking AC-SA algorithm for Fx x(L, M, o, i) with stepsize policy (2.15).
Suppose that 1 > 0 and condition (2.4) holds. Also assume that the algorithm is run for N > S
iterations. Let By, 0 < k < Ky, denote the event of

By = {lla* — f, I* < [RG)2V0 <i <k} (2.32)
Then, under Assumption A2, we have, YV > 0,
Prob {W(z) — U* > D, (N) + AD;(N)|Exy } < exp(—A?/3) + exp(—\), (2.33)
where De(N) is given by (2.16) and

1.1

32140V S2 N 802
3u2N vuN~

D5(N) = (2.34)

Moreover, for any 1 <k < Ky and A > 0, we have

2 ~ ~
2 s s 2
where
P5(k) = 16LVy  16(M? +o?) and D3(k) = 8\FUVO L 16 60> . (2.36)
¢ v 82 22k vpS 2k 3#” §39k  yuS 2k

Proof. We first show (2.33). Let B.(t) and D.(t) be defined in (2.11) and (2.16), respectively. It
is shown in the proof of Proposition 9 of [4] that B.(N) < D.(N). Hence, in view of Lemma 3, it
suffices to show that B;(N) < Dy(N). Clearly, by (2.10) and (2.15) we have

2 Yt 2L

Iy = L= — La? > 2.
rre s L v(p+ ) — Loy 2 vp, (2.37)
which implies
Y T < S S
— I [v(p+r) — Lof] — VuFT vp
By (2.15), (2.27) and the above inequality, we have
s 82 25[0(t)]2 802
B2 (t) < oT4[O(t < — 2.38
p()_O’ t[ ()]2+I/M(t+1) — 2 +7/Mt ( )

9



To bound O(¢) in the above relation, let us denote Sy, = S(k) and Ry, = R(k) for any & > 0. Note
that by (2.23), for any Sip_1 < t < S, we have K; = k — 1 and R(K;) = R(k — 1) = Ri—1. The
previous observation together with (2.27) then imply that, for any 1 < k < Ky,

S

Sk k
zTQ[R(KT)]Q = Z Z TQ[Ri—l]Q = : 9i—1

i=17=S;,_1+1

[N}
S
—
B
[\

Moreover, using the fact that

1 1 1 1 1 .
91— oht T gt Tz T T o) Vi<i<k,
we have
k 1 S; 1 1 Si
2 _ 2
DB =D DR klZT +Z oh—1 T k2 T T o T
‘ 2 2 2 2 2
=1 T:Si_l-i-l T:Si_l-‘rl
1 Sk Sk-1 1 Si
_ 24 2 2
- g Y ((rety) Y
=1 7=S;_1+1

S

1 /1
= 2k—127—2+2<2i27—2>'
=1 =1 =1

Combining the previous two observations and using the definition of S(k) in (2.23), we have

S,
1 1
O(S%) < ‘M ok— 12 +Z(22272>]
k—1
2V0 1 3 1 3
< 2o 1 = (Si+1
N RIS <3_2,<Sz+ ))
2V, [ 853 X 83 16088 [ 152\ 1418%
= L - 41N < 4k (2.
u 3.2k1+;3'2z 31 +8; S g 1 (239)

where the second and third inequality follow from the facts that Y 5 i? < (s+1)3/3 and S; > 1 for
i > 1, respectively. Using the above conclusion, the fact that N < S(Ky + 1) due to (2.23) and the
simple observation that ©(-) is non-decreasing, we conclude

14V,5° glntt _ 9087 ke

O(N) <O(S(Kn +1)) < o 9 = 9u

&3 2 & A2
56105 (2N> _ 248N, )

S Iu
where the last inequality follows from the fact that N > S(Ky) = $2°¥~1 due to (2.23). Hence, by
using the above inequality, (2.34) and (2.38), we obtain

1.1
20 1 802 32V/140VES2 802
O(N)|2 =D3(N).
N2[ ( )]2+V/.LN — 3M2N +VHN p( )

10



We have thus shown that (2.33) holds.
To show (2.35), we first claim that

Prob {\I/(:Ugi) — U+ uV (s, ) > D:(k) + A@;(k)]Ek_l} <exp(—A?/3) +exp(—)).  (2.41)

Indeed, in view of Lemma 3, it suffices to show that B (Sg) < D(k) and that B;(Sk) < A[S)(k). Note
that by (2.4), (1.2) and the fact that ¥(xg) — ¥* <)), we have

V(zo,2") < llzo — 2*[*/2 < [¥(zo) — ¥*]/n < Vo/ 11,

which, in view of (2.16), (2.23) and (2.36), then implies that De(t) < Ds(k). Using this observation
and the fact Bc(t) < D.(t), we have B.(Sx) < Di(k). Moreover, it follows from (2.38), (2.39) and
(2.36) that, for any 1 < k < Kp,

1
20 1 80?2 8v/ 14012 1602 .
B:(S,) < =[0(Sk)]2 + < 0 — = D3(k).
p( k)— S,f[ ( k)] S, = 3M%S%Qk VuSQk p( )

We have thus shown that relation (2.41) holds. Now observe that by (2.5) and (2.25), z;” can be
written as a convex combination of xy? and w;, which, in view of the convexity of | - ||* and the
strong-convexity of ¥(x) and w(x), implies that

2 2
lzf —2** < flaf? — 2™ + flae — 2*|* < ;[‘1’@?9) - W+ Vi@, )
2
————[V(z?) = U 4 uV M, vt > 1
,umin{l,u}[ (‘Tt ) +p (xtvx )]7 =
Using the above conclusion and (2.41), we immediately obtain (2.35). L]

We are now ready to establish the iteration complexity of the shrinking AC-SA algorithm with
stepsize policy (2.15).

Proposition 5 Let {z{9};>1 be computed by the shrinking AC-SA algorithm for Fx x(L, M, o, i)
with stepsize policy (2.15). Assume that p > 0 and condition (2.4) holds. Also suppose that, for a
given confidence level A € (0,1), the number of iterations N satisfies

1 ~ ~ 2
. 2L 2 64 M? + 0% \o?} o 2v14 )
N> S$= |max 5 64 max{M” + 0%, Ao"} o~ (32 (2.42)
vpmin{l,v} vpVomin{l, v} Vo \ 3min{l, v}
where X is chosen such that A
<o -
— —A) < . .
exp(—A“/3) + exp(—A) < N 1 (2.43)
Then under Assumptions A1 and A2,
Prob {\Il(a:%’) — 0" > D (N) + :\Df,(N)} < A, (2.44)

where De(-) and D,(-) are given by (2.16) and (2.34), respectively.
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Proof. Let E, 0 < k < Ky, be the random event defined in (2.32), and Ej, denote its complement.
It can be easily seen from (2.5) and (2.25) that z§ = x¢. The observation, in view of the strong-
convexity of ¥, then implies that ||z* — z||? < 2Vy/u = [R(0)]? and hence that Prob[Ey] = 0. By

(2.23), (2.42) and (2.36), we have, for any 1 < k < Ky,

2 min{l,v}Vy min{l, v}V

o (20 +30509] < e O

pmin{l, v} ~ pmin{l,v}
which, in view of (2.35), implies that for any 1 < k < Ky,

Prob { [la* — &% 1P > [R(K)2 By | < exp(~32/3) + exp(—1).
Hence, for any 1 < k < Ky,

Prob {E,} < Prob{||x*—3:§(k)H22[R(k)}Q}—I—Prob{Ek_l}

IN

Prob {|2* — a2 > [R(K)]| k1 } +2 Prob { By 1}

< [exp(—S\Q/?)) + exp(—S\)} + 2Prob {Ej_1} .

Using the previous conclusion inductively and noting that Prob {Eo} = 0, we conclude

Kn—1
Prob {Ex, } < [exp(—S\Q/?)) + exp(—j\)] Z ok < [exp(—sz/?)) + exp(—j\)} okn
k=0

which together with (2.33), (2.43) and the fact that 2°¥ < 2N then imply that

Prob {\y(m?\?) — ¢ > D, (N) + XD;(N)}

IN

Prob {xp(x?\;’) ~ " > D,(N) + XD;(N)|E,CN} + Prob { B, }

A

[exp(—P /3) + exp(—:\)} (1+285) <A

By using Proposition 5, we can estimate a bound on the number of iterations performed by the
shrinking AC-SA algorithm to find an (e, A)-solution z € X such that Prob {¥(z) — ¥* < e} > 1—A.
For the sake of simplicity, let us focus on the dependence of this iteration-complexity bound on e
and A, while disregarding its dependence on other constants including Vy, L, M, i and o. Clearly,
by (2.43), we have A = Q (log(N/A)). Also note that by (2.42), we have S = Q()\?). Using these two
observations, (2.16), (2.34) and (2.44), we conclude that the total number of iterations performed by

the shrinking AC-SA algorithm to find an (e, A)-solution of (1.1) can be bounded by

of (=) }

The above theoretical iteration-complexity bound is significantly better than the one in (2.20) in

terms of its dependence on e.
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3 Optimal AC-SA algorithms for strongly convex SCO

In this section, we show that the generic AC-SA framework described in Subsection 2.1 can yield
an optimal algorithm for solving strongly convex SCO problems. More specifically, we first in-
troduce an AC-SA algorithm for solving Fx x(L,M,0,0) and then present an optimal algorithm
for solving Fx x(L, M, o, p) with g > 0 obtained by properly restarting the AC-SA algorithms for
Fx,x(L,M,0,0). We also discuss how to improve the large-deviation properties associated with the
optimal expected rate of convergence for solving Fx x (L, M, o, it).

Observe that, if u is set to 0 in the generic AC-SA algorithm, then the identities (2.5) and (2.6),
respectively, reduce to

a:;nd = (1 -, + oz, (3.1)

ry = arg géi)l(l{at [(Gt,z) + X(2)] + 7V (-1, 2)} .

For the sake of future reference, we call these algorithms the AC-SA algorithms for Fx x(L, M, c,0).
The following result regarding the AC-SA algorithms for Fx x(L, M, c,0) has been shown in [9, 4].

Proposition 6 Let {x}9};>1 be computed by the AC-SA algorithm for Fx x(L, M, o,0) with

4y

o = ——  and ’yt:7yt(t+l)’

- t>1 )
t+1 viz1, (3.3)

for some v > 2L. Then, under Assumption A1, we have E[¥(x?) — U*] < C.1(t), VE > 1, where

AV (xo,a*) | 8(M?2+0?)(t+1)

Ce1(t) =Ce1(mo,,t) == o+ 1) 3 . (3.4)
If Assumption A2 holds, then, VA > 0,Vt > 1,
Prob {(zf9) — U* > Co1(t) + ACp1(t)} < exp{—A?/3} + exp{—A}, (3.5)
where
Cor(t) = Cpa(1,1) = 20 Rx(2") 8o2(t+1) (3.6)

V3t 3y

We demonstrated in [4] how to properly specify the value of 7 in (3.3) so as to obtain an optimal
algorithm for solving Fx x(L, M, 0,0). Below we will use the aforementioned AC-SA algorithm for
Fx,x(L,M,0,0) as a subroutine for solving Fx x(L,M,o, ) with pr > 0. We observe that the
stepsize parameter 7 in (3.3) will assume different values than the one used in [4] and that the
prox-function V' (z, z) in this algorithm is now assumed to grow quadratically.

A multi-stage AC-SA algorithm

0) Let a prox-function V(z, z) satisfying condition (2.4), an point py € X, and a bound V, such
that U(po) — ¥(z*) < Vp be given.

1) For k=1,2,...
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l.a) Run Nj iterations of the AC-SA algorithm for Fx x(L, M, 0,0) with input zo = pg_1,
V(z,2), and {oz}+>1 and {y:}i>1 set to (3.3) with v = i, where

[2L 128(M? + o?)
Nk = |Vmax {4 E, W 5 (37)

viu(M? + o2 2

1.b) Set py, = m?\?k, where x?\f’k is the solution obtained in Step 1.a).

We say that a stage of the algorithm described above, referred to as the multi-stage AC-SA, occurs
whenever the AC-SA algorithm for Fx x(L, M,0,0) is called in Step 1.a). Clearly, the kth stage of
this algorithm consists of N iterations of the AC-SA algorithm for Fx x(L, M, ,0), which are also
called iterations of the multi-stage AC-SA algorithm for the sake of notational convenience. The
following proposition summarizes the convergence properties of the multi-stage AC-SA algorithm.

Proposition 7 Let {py}r>1 be computed by the multi-stage AC-SA algorithm for Fx x(L, M, o, p1).
Then under Assumption Al,
E[¥(pe) — U] < Ve =Vo27%, Yk >0. (3.9)

As a consequence, the multi-stage AC-SA algorithm will find a solution T € X of (1.1) such that
E[U(z) — U*] <€ for any € € (0,Vy) in at most K := [logVy/e| stages. Moreover, the total number
of iterations performed by this algorithm to find such a solution is bounded by O (T1(€)), where

L M2 2
Ti(e) := y [ — max (1,log VO) + Ral (3.10)
\ v € Vi€

Proof. We first show that (3.9) holds by using induction. Clearly (3.9) holds for k& = 0. Assume
that for some k > 1, E[¥(pp_1) — ¥*] < Ve = Vo2~ *~1. This assumption together with (1.2) and
(2.4) clearly imply that

1 U(pp_1) — U* _
E[V (py-1,2*)] <E [QHpk_l - x*llﬂ <E [ (pi-1) } < Vi1 (3.11)
[ [
Also note that by the definitions of Ny and Vy, respectively, in (3.7) and (3.9), we have
8LV)— 8LVj— 16LY, 1
Qi (Ng) = T > < =V (3.12)

pwNi(Ny+1) = pvN? pvNE ~ 2

(M? + o) (N + 2V _ 2(M?> + 0"y _ V2V W
3vuNK (N, + 1) - 3v Ny - 64 64"

We then conclude from Proposition 6, (3.8), (3.11), (3.12) and (3.13) that

AE[V (pp-1,2%)] | 4(M* + 0*)(Ng + 2)

Qa(Nk) (3.13)

E[¥ (pg) — U*
W) =¥ < = N N+ D) 37k
4y Vi1 4(M? + o) (Ny, + 2)
uvNi (N + 1) 3k

IN

max {Ql(Nk),zl QQ(Nk)} + 4/ 0a(Ny) < V.
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We have thus shown that (3.9) holds. Now suppose that that the multi-stage AC-SA algorithm is

run for K stages. By (3.9), we have E[U(pg) — ¥*] < Vp27K < V2BV = e Moreover, it follows
from (3.7) that the total number of iterations can be bounded by

K
|20 128(M? + o2)
N < Q| — 4+ — +1
ko= ;[ Vu+3y,uV02—(k+1)+

2L 1 2402 & 128(M?2 + o2
I P LR B ek i) +U)Z2k+1gK g |2 ) 4 BB H0T)
v 3vuVy P Vi 3vuVy

gt

2L 4(M? + o?
. <4 2L 1) [log vq | 3347+ 0%)
Vit € Vi€
which clearly implies bound (3.10). (]

A few remarks about the results in Proposition 7 are in place. First, in view of (1.3), the multi-
stage AC-SA algorithm achieves the optimal expected rate of convergence for solving Fx x (L, M, o, ).
Note that, since Vy only appears inside the logarithmic term of (3.10), the selection of the initial
point pg € X has little affect on the efficiency of this algorithm. Second, suppose that we run the
multi-stage AC-SA algorithm for K := [log Vy/(A€)] stages for a given confidence level A € (0,1).
Then, by (3.9) and Markov’s inequality, we have Prob[¥(px,) — U* > ¢] < E[¥(pk,) — U*]/e < A,
which implies that the total number of iterations performed by the multi-stage AC-SA algorithm for
finding an (e, A)-solution of (1.1) can be bounded by O (7;(Ae€)).

Let us suppose now that Assumption A2 holds. Similar to the shrinking AC-SA algorithm in
Section 2.2, we introduce a shrinking multi-stage AC-SA algorithm which has a significantly better
iteration-complexity bound in terms of the dependence on A, for finding an (e, A)-solution of (1.1)
than the previous multi-stage AC-SA algorithm. It is worth noting that the AC-SA algorithms for
Fx,.x(L,M,o0,0) with stepsize policy either (3.3) or a different stepsize policy in [4] can be used
here to update iterate p of the shrinking multi-stage AC-SA, although we focus on the former one
in this paper. Also note that it is possible to relax the assumption that the prox-function grows
quadratically. We make this assumption here only for the sake of simplicity.

The shrinking multi-stage AC-SA:

0) Let a prox-function V(z, z) satisfying condition (2.4), an point pg € X, and a bound Vj such
that W(pg) — (z*) < Vo be given. Set K := [log(2Vh/e)] and X := A(K) > 0 such that
exp{—A?/3} + exp{—-\} < A/K.

1) Fork=1,....K

1.a) Run N} iterations of the AC-SA algorithm for Fx x(L, M, o, 0) applied to min,_ ¢ {¥ ()},
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with input xo = pr—1, V(2,2), and {oz}s>1 and {y:}>1 set to (3.3) with v = 4;. Here,

. A 2V
X, = {x eX:|lz—peal* <R: = a1 } , (3.14)
. 128 4(M? 4+ 02), N202(1 2
Np = |maxds,) L 128max {407+ 0% NP0+ VUL (3.15)
Vi 3vpuV2—(k+1)
1
o (M2 0% o o 9
Ve = max {QI« [WNk(Nk +1)(Ng +2) ; (3.16)

1.b) Set pi, = x%]k, where x‘jlvgk is the solution obtained in Step 1.a).

Note that in the shrinking multi-stage AC-SA algorithm, the stage limit K is computed for a
given accuracy e. The value of K is then used in the computation of A(K) and subsequently in Ni
and v (c.f. (3.15) and (3.16)). This is in contrast to the multi-stage AC-SA algorithm without
shrinkage, in which the definitions of Ny and ~; in (3.7) and (3.8) do not depend on the target
accuracy e.

The following result shows some convergence properties of the shrinking multi-stage AC-SA
algorithm.

Lemma 8 Let {pj}r>1 be computed by the shrinking multi-stage AC-SA algorithm for solving Fx x (L, M, o, j1).
Also for any k > 0, let Vi, = Vo27% and denote the event Ay, := {U(pr) — ¥* < Vi}. Then under
Assumption A2,

A _
Prob[¥(py) — ¥* 2 VelAp—1] < =, VI<k<K. (3.17)
Proof. By the conditional assumption in (3.17), we have W(pg_1) — U* < Vi_1, which together

with the strong-convexity of f and the definition of Rj_; in (3.14) imply that

21U (pg_1) — U* 2V -
(¥ (px ;) | o Z L2 (3.18)

lpg—1 — 21> <

Hence, the restricted problem min ¢ {¥(z)} has the same solution as (1.1). We then conclude
from Proposition 6 applied to the previous restricted problem that

;e s A
Prob[W(pg) — U* > Co1(Ng) + ACp1 (Ni)|Ap—_1] < exp{—A2/3} + exp{—A} < e (3.19)
where
. A5V (pr—1, %) 4(M? + 02)(Ny, + 2 RN 20Rx, (z*)  40%(Np +2
Cor () = D (Pr-1,2%) | 4M*+07)(Np +2) Con(Ng) = 2 x,(2%) | 40" (NVi +2)

VNL(Nj 4 1) 3k 3N, 3k

Note that by (2.4) and (3.18), V(pr—1,2%) < [lpr—1 — =*[|?/2 < Ve—1/p. Now let Qi(-) and Qa(-)
be defined in (3.12) and (3.13), respectively. Note that by the definition of Ny in (3.15), we have
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Q1 (Ny) < Vi/4 and Qq(Ny,) < V2/256. Using the previous observations and the definition of 4 in
(3.16), we obtain

. 45 Vi 4(M? + 02) (N, + 2
i) & A 40N 2
pv Ny (N + 1) 3k
<

max {Ql(Nk), 4\/QQ<Nk)} + 44/ Qo (Ny) < % (3.20)

Moreover, note that by (3.14) and (3.18), we have for any = € Xj,

2Vk71 * * 2Vk71
Iz = prall <4 | . and |z —2*| <[l — pr—1|| + [[pr—1 — 27| < 2 o

and hence that Rx, (z*) < 24/2V},_1/p, which together with (3.15) and (3.16) then imply that

N 2V Ni +2) 2
Ci(My) < do VkAl 4 o* (N +2)Vk1 Vk L V-1
3Ny 3uuNL(Ny + 1) 3ulNy, 3vuNy,
2V 1 \/Vk Vo2~ D Yy
= 4o |1+ — (3.21
( Nz > SNy 2\ o\ )
Combining (3.19), (3.20) and (3.21), we obtain (3.17). ]

The following proposition establishes the iteration complexity of the shrinking multi-stage AC-SA
algorithm.

Proposition 9 Let {py}r>1 be computed by the shrinking multi-stage AC-SA algorithm for solving
Fx,x(L,M,o,pn). Then under Assumption A2, we have

Prob[¥(pz) — ¥* > €] < A. (3.22)

Moreover, the total number of iterations performed by the algorithm to find such a solution is bounded
by O (T2(e, A)), where

2
Ta(e, A) = \/zmax <1 log VO) Mo [ln log(zo/e)] (Lt Vv (3.23)

Ve ViLe

Proof Denote Vi, = Vp27%. Let A denote the event of {¥(py) — ¥* < V,.} and Ay be its
complement. Clearly, we have Prob(Ap) = 1. It can also be easily seen that

Prob[¥(py) — U* > 2V;] < Prob[¥(px) — ¥* > 2Vi|Ax_1] + Prob[Ax_1]

A

A _
% + Prob[U(pg_1) —U* >2V,_4], VI<k <K

where the last inequality follows from Lemma 8 and the definition of Ap_1. Summing up both sides
of the above inequality from k£ = 1 to K, we obtain (3.22). Now, by (3.15), the total number of
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AC-SA iterations can be bounded by
- K 2 2y 12,2 9
YN < 2{8\F+ max {4( +0_>(k+3( +ﬁ>}+1}
k=1 k=1 vp 3v Vo2
K
_ g sl )y 128max {4 +0%) No¥(1 + Vi)*) > okt
- Mo k=1
K (8\/7+ 1) T 128 max {4(M* + 0%), No?(1 + V/v)*} gRK+2.
Vi

IN

3vuVy

Using the above conclusion, the fact that K = [log(2V/€)], the observation that A = O{log(K/A)}
and (3.23), we conclude that the total number of AC-SA iterations is bounded by O (72(e,A)). =

4 Numerical Results

In this section, we present the results of our computational experiments carried out with the on-line
Ridge regression problem, i.e.,

min By, [((z, u) —v)*] + pllz|3, (4.1)
z€R4
where p > 0 is a user-defined parameter. Moreover, we assume that u is uniformly distributed over
[0,1]¢ and v is given by v = (Z,u) + &, where £ ~ N(0,5) is a random variable independent of u,
and (Z,-) is the genuine linear relation between u and v. Note that, for a given training data sample
S = {(ui,v;) }I,, associate with (4.1) is a batch-learning model (or sample average approximation)
given by
i, 3 (@) — 0)? + plal} (12)
w€R? M — T ! z ’
Observe that the explicit solution of (4.2) is readily given by its first-order optimality condition.
However, assembling the Hessian of the objective function of (4.2) and computing its inverse can
be computationally expensive if both d and m is large. Moreover, this approach is not applicable
to the on-line learning setting, see for example [23], the theoretical comparison of on-line and batch
learning.

We compare the single-stage AC-SA algorithms, the multi-stage AC-SA algorithms, the classic
SA (see, e.g., [13]), the mirror descent SA ([9]) and the batch-learning approach in the following way.
At first, we use an initial i.i.d. sample for all the algorithms to estimate problem parameters, namely,
L, o and p (note that M =0 and X'(-) = 0), whenever these parameters are needed. Second, fixing
an i.i.d. sample (of size N) for the random variable (u,v), we apply the aforementioned methods to
obtain approximate solutions for problem (4.1), and then the quality of the solutions yielded by these
algorithms is evaluated using another i.i.d. sample of size k >> N (by using the sample average
approximation). Also we use w(x) = ||x]|3/2 as the prox function in our experiments. Note that we
used the enhanced version of mirror descent SA in [9] in view of the fact that the objective function
of (4.1) is smooth.

Our first experiment is to compare the solution quality of these algorithms and their sensitivity
with respect to the parameter p and noise level 6. More specifically, we consider six different groups.
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Table 1: Problem instances

Group  Instance d g p L I
Reg-11 1 12.43  2.08
group 1 Reg-12 20 2 0.1 10.63  0.28
Reg-13 0.01 | 10.45 0.10
Reg-21 1 11.96  2.09
group 2 Reg-22 20 5 0.1 10.16  0.29
Reg-23 0.01 | 9.98 0.11
Reg-31 1 52.02  2.02
group 3 Reg-32 100 2 0.1 |50.28 0.22
Reg-33 0.01 | 50.04  0.04
Reg-41 1 52.66  2.02
group 4 Reg-42 100 5 0.1 | 50.86 0.22
Reg-43 0.01 | 50.68  0.04
Reg-51 1 204.08 2.00
group 5 Reg-52 400 2 0.1 | 202.28 0.20
Reg-53 0.01 | 202.10 0.02
Reg-61 1 202.07 2.00
group 6 Reg-62 400 5 0.1 | 200.28 0.20
Reg-63 0.01 | 200.09 0.02

Within each group, we generated three instances having the same problem size (d) and different noise
levels (¢). Also, the parameter p is set to p = 1,0.1 and 0.01 for each group. Table 1 shows these
problem instances and estimation of problem parameters, namely, L and p, for each instance, which
are computed for sample average approximation problem (4.2) with m = 200. Then, we run the
algorithms for each problem instance with different number of iterations N = 2,000 and N = 4,000
and evaluate the solution quality with K = 30,000. Note that in these experiments, we fix the initial
point xg = R * x for all the algorithms, where z is randomly chosen from the box [0,1]¢ and R is
set to 10. Our algorithms are implemented in MATLAB R2007b and the CPU times for the classic
SA, the mirror descent SA and the AC-SA algorithms are all comparable. We repeated each run of
the algorithms fifty times and then take the average of results as shown in Table 2 through Table 4.
The following conclusions regarding the comparison of the solution quality can be drawn from these
numerical results.

e AC-SA vs. classic SA: the AC-SA algorithms substantially outperform the classic SA
algorithm for all test instances. In particular, the classic SA is much more sensitive to p than
the AC-SA algorithms. As shown in Tables 2-4, the classic SA may actually diverge when d
increases or as p decreases.

e AC-SA vs. mirror descent SA: the solution quality of the AC-SA algorithms is at least
comparable to that of the mirror descent SA algorithm for all the test instances. It can
considerably outperform the latter approach when d increases and/or p decreases (see Table 4).
One possible explanation is that the AC-SA algorithm can handle more effectively the smooth
component of the objective function, which plays a more significant role when d increases (the
Lipschitz constant becomes larger) and/or as p decreases (the strong convexity vanishes).
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Table 2: Numerical results for group 1 and group 2 (d = 20)

Number of iterations: N = 2,000
Reg-11 Reg-12 Reg-13  Reg-21 Reg-22 Reg-23
Classic SA 37.47 152.12  4.67e+5 1025.91 48.46 5.02e+5
Mirror descent SA 8.19 4.62 4.25 29.47 26.08 26.41
Single-stage AC-SA 8.19 4.64 4.27 29.55 26.04 25.83
Shrinking Single-stage AC-SA | 8.18 4.60 4.23 29.55 25.98 26.17
Multi-stage AC-SA 8.24 5.06 4.42 29.62 26.53 27.34
Shrinking multi-stage AC-SA | 8.27 5.02 4.75 29.70 26.94 31.61
Batch-learning 8.19 4.58 4.10 29.45 25.71 25.27
Number of iterations: N = 4,000
Classic SA 34.32 134.08 3.62e+5 961.43  47.40 4.13e+5
Mirror descent SA 8.18 4.58 4.15 29.50 25.77 25.71
Single-stage AC-SA 8.19 4.59 4.15 29.46 25.82 25.65
Shrinking Single-stage AC-SA | 8.19 4.58 4.17 29.47 25.80 25.59
Multi-stage AC-SA 8.20 4.64 4.24 29.54 26.10 26.75
Shrinking multi-stage AC-SA | 8.23 4.83 4.45 29.57 26.18 28.55
Batch-learning 8.18 4.56 4.08 29.48 25.67 25.10

e AC-SA vs. batch-learning: the solution quality of the AC-SA algorithms are comparable
to that of the batch-learning approach in many cases. When p is really small or the variance of
noise is big, the solution quality of the AC-SA algorithms is worse than that of batch-learning
approach (see Table 4). This can be viewed as an indication that more iterations should be
run for the AC-SA algorithms. It should also be noted that the AC-SA algorithms usually
outperform other SA algorithms whenever these situations happen.

e Different variants of AC-SA: Firstly, the multi-stage AC-SA algorithm is as good as the
single-stage AC-SA in many cases. However, it requires the estimation of more problem pa-
rameters, such as o and V3. Moreover, no significant difference between the AC-SA algorithms
and their shrinking counterparts is observed except for one instance. A plausible explanation
is that the iterates for the AC-SA algorithm (without shrinkage) get clustered in a smaller and
smaller area. In that case, shrinking the domain does not affect the execution of the algorithms
in practice, although it does help to significantly improve the theoretical complexity bounds.
Finally, by increasing number of iterations, one can improve in the solution quality of the AC-
SA algorithms. Such improvement is most noticeable in Table 4, where the obtained solutions
are still not too close to the optimal ones since d is relatively large.

In the second experiment, we investigate the sensitivity of different algorithms with respect to
the selection of the initial solution. We set the initial point g = R * z as before, but change R from
10 to 5,000. A group of test results for the instance Reg-42 with N = 2,000 is shown in Figure
1, where the vertical axis represents the final objective value and the horizontal axis displays the
values of R. As it can be easily seen, there is no significant difference in final solutions of multi-stage
AC-SA algorithms when the initial solution changes. For single stage algorithms, the final solutions
become worse when R increases. Both the classic SA and mirror descent SA are very sensitive to
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Table 3: Numerical results for group 3 and group 4 (d = 100)

Number of iterations: N = 2,000

Reg-31 Reg-32 Reg-33 Reg-41 Reg-42 Reg-43
Classic SA 774.31 4450.35 5.28e+14 914.20 5497.25 1.33e+15
Mirror descent SA 30.65 8.66 8.80 43.48 30.53 34.28
Single stage AC-SA 30.49 7.55 6.79 43.32 30.41 33.67
Shrinking single-stage AC-SA | 30.51 7.46 6.66 43.50 30.29 35.87
Multi-stage AC-SA 30.56 8.65 5.61 44.44 34.03 30.81
Shrinking multi-stage AC-SA | 30.71 11.39 6.71 47.47 40.92 31.36
Batch-learning 30.45 7.13 4.52 43.15 27.78 26.35
Number of iterations: N = 4,000
Classic SA 748.86 4243.66 4.72¢+14 867.83 5382.95 9.50e+14
Mirror descent SA 30.49 7.52 5.74 43.20 28.55 28.96
Single-stage AC-SA 30.46 7.24 5.46 43.19 28.41 32.97
Shrinking Single-stage AC-SA | 30.46 7.22 5.59 43.26 28.78 32.58
Multi-stage AC-SA 30.47 7.85 6.53 43.95 30.31 33.02
Shrinking multi-stage AC-SA | 30.55 9.06 13.89 45.26 34.37 35.83
Batch-learning 30.43 7.07 4.44 43.08 27.45 25.87
Table 4: Numerical results for group 5 and group 6 (d = 400)
Number of iterations: N = 2,000
Reg-51  Reg-52 Reg-53 Reg-61 Reg-62 Reg-63
Classic SA Inf Inf Inf Inf Inf Inf
Mirror descent SA 121.52 108.65 182.53 139.35 125.34 209.14
Single-stage AC-SA 109.41 18.96 54.02 128.50  49.25 84.13
Shrinking single-stage AC-SA | 109.24 18.99 85.18 128.59 47.64 120.82
Multi-stage AC-SA 109.67 24.36 47.57 130.55  70.46 76.58
Shrinking multi-stage AC-SA | 110.41 24.51 47.62 134.52 111.50 75.63
Batch-learning 108.92 16.29 5.97 127.39 38.63 31.37
Number of iterations: N = 4,000
Classic SA 1.38e+8 Inf Inf Inf Inf Inf
Mirror descent SA 95.83 37.09 67.68 130.29 61.20 92.32
Single-stage AC-SA 92.86 15.40 24.53 127.61  44.11 66.62
Shrinking single-stage AC-SA | 92.85 15.35 46.64 127.47  41.89 103.40
Multi-stage AC-SA 93.03 17.50 9.57 128.90 58.23 41.00
Shrinking multi-stage AC-SA | 93.44 20.18 9.50 132.40 56.42 40.29
Batch-learning 92.73 14.40 5.55 127.15  37.60 28.66
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Figure 1: Stability of algorithms with respect to initial solutions

the selection of the initial solution. In particular,the classic SA does not even converge in the case of
bad initial solutions. It should be mentioned that such phenomenon has been consistently observed
for all the test instances in Table 1, although we only show the results of one representative instance.

In the third experiment, we compute the online lower bounds for the optimal value according to
the validation analysis presented in [4]. Table 5 shows these lower bounds for the single stage AC-SA
algorithm at the ¢ = 1,000, 2,000, 3,000 and 4,000 iteration. As it can be seen for this table, these
lower bounds converge to the optimal values. Moreover, Figure 2 shows the convergence of online
lower and upper bounds (see Section 5 of [4]) for the single stage AC-SA algorithm applied to two
representative instances. It should be noted that we have not used a trivial lower bound, i.e., 0, on
the optimal value of (4.1) in order to demonstrate the convergence behaviour of these online lower
and upper bounds.
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