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Abstract

Given a relational specification between Boolean inputs and outputs, Boolean functional
synthesis seeks to synthesize each output as a function of the inputs such that the specification
is met. Despite significant algorithmic advances in Boolean functional synthesis over the
past few years, there are relatively small specifications that have remained beyond the reach
of all state-of-the-art tools. In trying to understand this behaviour, we show that unless
some hard conjectures in complexity theory are falsified, Boolean functional synthesis must
generate large Skolem functions in the worst-case. Given this inherent hardness, what does
one do to solve the problem? We present a two-phase algorithm, where the first phase is
efficient in practice both in terms of time and size of synthesized functions, and solves a large
fraction of our benchmarks. This phase is also guaranteed to solve the problem when the
representation of the input specification satisfies some structural requirements. For those cases
where the first phase doesn’t suffice, we present a second phase of our synthesis algorithm
that uses a special class of algorithms, called expansion-based algorithms, to generate correct
Skolem functions. This may require exponential time and generate exponential-sized Skolem
functions in the worst-case. Detailed experimental evaluation shows that our overall synthesis
algorithm performs better than other techniques for a large number of benchmarks.
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Formal Methods in System Design

1 Introduction

Automatically synthesizing systems that always work as specified is one of the holy grails
of computer-aided design. In many situations, it is unwieldy or even technically difficult
to specify the desired behaviour of a system by expressing outputs as functions of inputs.
Instead, it may be easier to specify the behaviour as a relation between inputs and outputs.
Such specifications are also called relational specifications.

As an interesting example, consider a system with a single 2n-bit unsigned integer input
Y, and two n-bit unsigned integer outputs Z; and Z;. Suppose the relational specification
is given as Fpo(Y,Z1,2Zy) = (XY = Z1 X(n) Z2) AN (Zy # 1) A (Zy # 1)), where X[y
denotes n-bit unsigned integer multiplication. This specification requires that Z; and Z, are
non-trivial factors of Y. Note, however, that if Y represents a prime number, there are no
values of Z; and Z, that satisfy the specification. Therefore, we are interested in obtaining
values of Z; and Z; that satisfy the specification, whenever possible. The easy part here is
checking whether the specification is satisfiable for a given Y, whereas the hard part is to
synthesize concrete outputs as functions of given inputs. Significantly, the above specification
can be encoded as a Boolean formula of size O (n?) over the individual bits of Y, Z; and
Z,. However, if we want to express Z; and Z; directly as Boolean functions of Y, our
task would be significantly harder. In fact, there are no known polynomial-sized Boolean
functions that can express individual bits of Z; and Z, directly in terms of the individual bits
of Y!. This illustrates how relational specifications can be more natural and succinct than
expressing outputs directly as functions of inputs. However, having conveniently represented
specifications isn’t good enough. We need to know how difficult is it to synthesize systems
whose behaviour is specified relationally? In this paper, we investigate this question both
from theoretical and practical perspectives.

Synthesizing Boolean functions from relational specifications has long been of interest to
logicians and computer scientists. Formally, given a Boolean formula F(Z, Y) specifying a
desired relation between inputs Y and outputs Z, we wish to synthesize each output in Z as
a function of the inputs Y such that F(Z, Y) is satisfied, whenever possible. Such functions
have also been called Skolem functions in the literature [23,28], and the quest for synthesizing
Skolem functions and variants goes back long in history. In fact, Boole [8] and Léwenheim
[32] studied variants of this problem in the context of finding most general unifiers. While
these studies are theoretically elegant, implementations of the underlying techniques have
been found to scale poorly beyond small problem instances [33]. More recently, synthesis
of Boolean functions has found important applications in a wide range of contexts including
reactive strategy synthesis [4,47], certified QBF-SAT solving [7,35,39], automated program
synthesis [42,44], circuit repair and debugging [27], disjunctive decomposition of symbolic
transition relations [46] and the like. This has spurred a lot of interest in developing practically
efficient Boolean function synthesis algorithms. The resulting new generation of tools [1,19,
23,28,38,39,45] have enabled synthesis of Boolean functions from much larger and more
complex relational specifications than those that could be handled by earlier techniques, viz.
[7,25,33].

In this paper, we study the Boolean functional synthesis problem from both theoretical and
practical perspectives. Our investigation shows that unless some long-standing conjectures in
computational complexity theory are falsified, Boolean functional synthesis must necessarily
generate super-polynomial or even exponential-sized Skolem functions, thereby requiring

I Otherwise, we could efficiently factorize products of n-bit prime numbers, rendering cryptographic systems
vulnerable to attacks.
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super-polynomial or exponential time, in the worst-case. Therefore, it is unlikely that an
efficient algorithm exists for solving all instances of Boolean functional synthesis. There are
two ways to address this hardness in practice: (i) design algorithms that are provably efficient
but may give “approximate” Skolem functions that are correct only on a fraction of all possible
input assignments, or (ii) design an algorithm with worst-case exponential behaviour that
provably solves all problem instances. In this work, we combine these approaches to design
a two-phase synthesis algorithm. The first phase is provably efficient and suffices to solve a
large fraction of our benchmarks. The second phase is invoked only if the first phase fails
to synthesize Skolem functions for all outputs. The second phase of our algorithm adopts a
counterexample-guided expansion-based approach, first proposed in [28] in the context of
Boolean functional synthesis.
Our primary contributions can be summarized as follows.

1. We show that unless some long-standing complexity theoretic conjectures are falsified,
Boolean functional synthesis must require super-polynomial time and space. Specifically,
we show that unless P = NP, there exist problem instances where Boolean functional
synthesis must take super-polynomial time. We also show that unless the Polynomial
Hierarchy collapses to the second level, there exist problem instances that must gener-
ate super-polynomial sized Skolem functions. Finally, we prove that if the non-uniform
exponential time hypothesis [15] holds, there exist problem instances that must generate
exponential sized Skolem functions, thereby also requiring at least exponential time.

2. We present a new two-phase algorithm for Boolean functional synthesis.

(a) Phase 1 of our algorithm generates candidate Skolem functions of size polynomial
in the input specification. This phase makes polynomially many calls to an NP oracle
(SAT solver in practice). Hence it directly benefits from the progess made by the SAT
solving community, and is efficient in practice. Our experiments indicate that phase
1 suffices to solve a large majority of publicly available benchmarks.

(b) However, there are indeed cases where the first phase is not enough. In such cases,
the first phase provides good candidate Skolem functions as starting points for the
second phase. In the second phase, our algorithm starts from these candidate Skolem
functions, and uses an iterative approach to rectify erroneous Skolem functions. We
define a class of algorithms called expansion-based algorithms for doing this, and
present a hybrid algorithm that combines three different expansion-based algorithms.
The sizes of the correct Skolem functions generated by this phase may be exponential
in the worst-case. This blow-up is unlikely to be avoidable, thanks to our hardness
results.

3. We analyze the surprisingly good performance of the first phase (especially in light of
the theoretical hardness results) and show a sufficient condition on the structure of the
input representation that guarantees correctness of the first phase. Interestingly, popular
representations like ROBDDs [12] give rise to input structures that satisfy this condition.

4. We conduct an extensive set of experiments over a variety of benchmarks, and show
that our algorithm performs favourably vis-a-vis state-of-the-art algorithms for Boolean
functional synthesis.

Related work The literature contains several early theoretical studies on variants of Boolean
functional synthesis [6,8,9,18,32,34]. More recently, researchers have tried to build practi-
cally efficient synthesis tools that scale to medium or large problem instances. In [23], Skolem
functions for Z are extracted from a specific type of proof of validity of VY3Z F(Z,Y).
While this works exceptionally well with short proofs of validity, it doesn’t work when
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VY3Z F(Z,Y) is not valid. Specifications of the latter type are also called unrealizable.
Despite the nomenclature, as our non-trivial factorization example shows, it is often impor-
tant and useful to synthesize Skolem functions even for unrealizable specifications.

Inspired by the spectacular effectiveness of conflict-driven clause learning (CDCL) SAT
solvers [41], an incremental determinization technique for Skolem function synthesis was
proposed in [38], and subsequently developed further in [37,40].

In [25,46], a synthesis approach based on iterated compositions was proposed. Unfortu-
nately, as has been noted in [19,28], composition based synthesis approaches do not scale
well to large benchmarks. A recent work [19] adapts the composition-based approach to work
with ROBDDs, which can be represented compactly if we know the optimum variable order-
ing. For factored specifications, i.e, specifications that are conjunctions of sub-specifications,
ideas from symbolic model checking using implicitly conjoined ROBDDs have been used to
enhance the scalability of ROBDD-based synthesis further in [45].

In the genre of counterexample guided abstraction refinement (CEGAR) techniques, [28]
showed how CEGAR can be used to synthesize Skolem functions from factored specifi-
cations. The key idea here is to start with initial easy-to-compute abstractions of Skolem
functions and refine them iteratively using counterexamples generated by invoking a state-of-
the-art SAT solver. Subsequently, a compositional and parallel technique for Skolem function
synthesis from arbitrary specifications represented using and-inverter graphs (AIGs) was pre-
sented in [1]. The second phase of the synthesis algorithm proposed in this paper builds on
some of this work.

An approach based on identifying and separating input and output components of a spec-
ification was proposed in [14]. While this approach doesn’t perform as well as some other
state-of-the-art approaches, it is able to solve some hard synthesis benchmarks, for which
other state-of-the-art tools fail within reasonable resource constraints. Recently, a Boolean
functional synthesis technique that leverages constrained sampling and machine learning to
arrive at initial approximations of Skolem functions, and then iteratively repairs these approx-
imations using counterexamples, was presented in [21]. This technique has been reported to
outperform most existing Boolean functional synthesis techniques. However, since this work
was published after the current paper was submitted and reviewed, we simply mention it here
without using it for our experimental studies.

In addition to the above techniques, template-based [44] and sketch-based [43] approaches
have been found to be effective for synthesis when we have information about the set of
candidate solutions. In the absence of such information, however, these techniques are known
not to perform well. On a related note, a framework for functional synthesis that reasons about
some unbounded domains such as integer arithmetic, was proposed in [31].

2 Notations and problem statement

A Boolean formula F(vy, ... v)) is a syntactic object constructed according to the rules of
propositional logic, that represents a mapping from {0, 1}” to {0, 1} under the standard seman-
tics of propositional logic. For notational convenience, we use F to also refer to the semantic
mapping represented by F* when there is no confusion. The set of variables {vy, ... vp}in Fis
called the support of F, and denoted sup(F). A literal is either a variable or its complement.
We use F|,,—o (resp. F'|,;=1) to denote the positive (resp. negative) cofactor of F with respect
to v;, i.e. F/ with the variable v; set to O (resp. 1). A satisfying assignment of F is a mapping
of variables in sup(F’) to {0, 1} such that the semantic mapping represented by F evaluates
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to 1 under this assignment. If F' has a satisfying assignment, we say that F is satisfiable;
otherwise, F is said to be unsatisfiable. If every mapping of sup(F) to {0, 1} is a satisfying
assignment of F', we say that F is valid. If r is a satisfying assignment of F', we write 7 |= F
and use 7 [v;] to denote the value assigned to v; € sup(F) by . Let V = (v, vj,, ... vij)
be a sequence of variables in sup(F). We use 7 | v to denote the projection of 7 on V, i.e.
the sequence (7 [v;, 1, 7 [v;, 1, . .. n[vij]).

A Boolean function v/ (uy, ... u4) is a mapping from {0, 1}4 to {0, 1}, and may be repre-
sented in various ways. For purposes of this paper, we assume that every Boolean formula
and Boolean function is represented as a rooted directed acyclic graph (DAG), with internal
nodes labeled by Boolean operators and leaves labeled by input/output literals and Boolean
constants. If the operator labeling an internal node N has arity k, we assume that N has k
ordered children. Each node N in such a DAG represents a Boolean formula (resp. function)
@ (N) that is inductively defined as follows. If N is a leaf, @ (N) is the literal labeling N.
If N is an internal node labeled by op with arity k, and if the ordered children of N are
€1, ...Ck, then @(N) is op(P(cy), ... P(ck)). A DAG with root R is said to represent the
formula (resp. function) @ (R). Note that popular DAG representations of Boolean formulas
and functions, such as and-inverter graphs (AIGs [22,30]), reduced ordered binary decision
diagrams (ROBDDs [12]) and Boolean circuits, are either already in this representation or
can be easily converted to this representation.

A Boolean formula is said to be represented in negation normal form (NNF) if (i) the
only operators used in the representation are conjunction (A), disjunction (V) and negation
(—), and (ii) negation is applied only to variables. Every Boolean formula can be converted
to a semantically equivalent formula in NNF, in which the internal nodes are labeled with
A and V, and leaves are labeled with literals. We use | F'| to denote the number of nodes in
a DAG represention of F. In this paper, we use and-inverter graphs, or AIGs, as the initial
representation of specifications. Given an AIG with 7 nodes, an equivalent NNF representation
of size O(t) can be constructed in O(¢) time. Henceforth, we will assume that every Boolean
formula is in NNF, unless specified otherwise.

Let N be a node in a DAG representation of a Boolean formula F in NNF. We use
lits(N) to denote the set of literals labeling leaves that have a path from N in the DAG
representation. We also use atoms(N) to denote the underlying set of variables in sup(F)
that appear in lits(N). For each A-labeled internal node N in the DAG of F' with children
cl,...ck, if atoms(c,) N atoms(cg) = ¢ for all distinct r, s € {1,...k}, then F is said
to be in decomposable negation normal form or DNNF[17]. While DNNF formulas enjoy
many nice properties [17], a weaker form turns out to be useful for purposes of synthesis.
Specifically, for each A-labeled internal node N, suppose ci, ...cx are its children, and
lits(c,) N{—L€ | £ € lits(cs)} = @ for every distinct r, s € {1, ...k}. Then F is said to be
in weak decomposable NNF, or WDNNF. Note that every DNNF formula is also a wDNNF
formula.

We say a literal [ is pure in F iff the NNF representation of F has a leaf labeled /, but no
leaf labeled —I. F is said to be positive unate in v; € sup(F) iff F|y,—o = F|y;=1. Similarly,
F is said to be negative unate in v; iff F|,,—1 = F|y,—o. Finally, F is unate in v; if it is
either positive unate or negative unate in v;. A formula that is not unate in v; € sup(F) is
said to be binate in v;.

Throughout this paper, we use Z = (z1,...2,) to denote a sequence of Boolean
outputs, and Y = (y1,...¥n) to denote a sequence of Boolean inputs. The Boolean
Sfunctional synthesis problem, henceforth denoted BFnS, asks: given a Boolean formula
F(Z,Y) specifying a relation between inputs Y and outputs Z, determine Boolean func-
tions W = (Y1(Y), ... ¥n(Y)) such that F (¥, Y) evaluates to true for every value of Y for
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which 3ZF (Z,Y) holds. Thus, VY 3Z F(Z,Y) < F(¥,Y)) must be rendered valid. The
function v; is called a Skolem function for z; in F,and W = (Y1, ... vy,) is called a Skolem
function vector for Z in F. As with all Boolean functions in this paper, Skolem functions are
assumed to be represented as DAGs with non-leaf nodes labeled by A, v and —.

Forl <i <j <n,let Z}'/ denote the sub-sequence (z;, 741, - . . ;) and let F(i_l)(Z;.’, Y)
denote EIZ’i_l F(Z’i_l, Z',Y). It has been argued in [1,19,25,26,28] that given a relational
specification F(Z,Y), the BFnS problem can be solved by first imposing a linear order on
the outputs, say z1 < z2--* < zn, and then synthesizing a function ¥, (Z,,,Y) for each
z; such that FO=D (y; 7.,.Y) & 3z; F=D(z;, Z!.,.Y). Once all such functions v; are
obtained, one can substitute ¥, through v, for z; ;| through z,, respectively, in ¥; to obtain
a Skolem function for z; as a function of only Y. We adopt this approach, and therefore focus
on synthesizing ¥; in terms of Z}', | and Y.

The following definitions, adapted from [25,28], play a key role in this paper.

Definition 1 Given F(Z,Y) and an ordering z; < z2--- < 2z, let A;F(Z" ,,Y) denote

. . i [ l+l’
—-EIZII_1 F(le_],(), Z!, ,.Y),and ﬂF(Z;’H,Y) denote _‘Elle_lF(le_l’ 1,Z],,.Y). When

F is clear from the context, we often omit mentioning it and write A; and I instead of A; F
and I;F respectively.

Note thatif A; (resp. I7) evaluates to 1 for a certain assignment to Z;', ; and Y, then F' cannot
be satisfied if the Skolem function for z; evaluates to O (resp. 1) for the same assignment.
From [25,28], we know that a function v; is a Skolem function for z; iff it satisfies A; 7 =
Vi = —I;F Ttis also easy to see that both A; and —TI7; serve as Skolem functions for z; in
F.

3 Complexity-theoretical limits

It is easy to see that BFnS can be solved in EXPTIME. Indeed a naive solution would be to
enumerate all possible values of Y and invoke a SAT solver to find values of Z corresponding
to each valuation of Y that makes F'(Z, Y) true. This requires worst-case time exponential
in the number of inputs and outputs, and may produce Skolem functions of size exponential
in the number of inputs. We now ask if it is possible to do better.

Theorem 1 [. Unless P = NP, there exist problem instances where any algorithm for BFnS
must take super-polynomial time.

2. Unless 25 = 175, there exist problem instances where any algorithm for BFnS must
generate super-polynomial sized Skolem functions

3. Unless the non-uniform exponential-time hypothesis (or ETHp) fails, there exist problem
instances where any algorithm for BFnS must generate super-polynomial sized Skolem
functions.

Before presenting the proof, a few points are worth noting. Violation of the assumption in the
first statement implies a complete collapse of the Polynomial Hierarchy (PH), while violation
of that in the second statement implies a collapse of PH to the second level. Whether either of
these are possible remain long-standing open questions, although it is widely believed that
the PH doesn’t collapse. Furthermore, since a lower bound of the size of Skolem functions
translates to a lower bound of the fime taken to compute these functions, the second and third
statements also imply conditional super-polynomial and exponential, respectively, lower
bounds of time complexity.
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The exponential-time hypothesis ETH [24] and its strengthened version—the non-uniform
exponential-time hypothesis ETHp, [15]—are unproven computational hardness assumptions
that have been used to show that several classical decision, functional and parametrized NP-
complete problems are unlikely to have sub-exponential algorithms. As remarked in [15],
the non-uniform variant is also widely believed to be true, with many results carrying over
from the uniform setting. Formally, ETH,,, states? that there is no family of algorithms (one
for each input-size n) that can solve the n-variable instance of 3-SAT in sub-exponential time
(i.e., in time 2°M),

Proof Part 1. follows from the easy observation that propositional satisfiability can be reduced
to BFnS where there are no inputs. Formally, consider an instance of 3-SAT where we ask if
3Z F(Z) is true. This can be seen as an instance of BFnS where Y is empty. That is, given
F (Z), we wish to synthesize the Skolem function vector ¥, such that 3ZF (Z) < F (V). In
other words, F (W) = 1 iff F(Z) is satisfiable. Now if ¥ can be synthesized in polynomial
time, then it can at most be poly-sized and hence F (¥) can be evaluated in polynomial time.
Thus, as a consequence we obtain P = NP.

Consider an n-variable instance of the 3-CNF SAT problem ¢(Z), where |Z| = n. As
3-SAT € NP, by definition of class NP, it has a polynomial time verifier. This implies that
there is a polynomial size circuit C, which takes as inputs an encoding of the formula ¢, say
enc(yp) and witness assignment 7 € {0, 1}" and evaluates to 1 iff v is a satisfying assignment
for ¢. Since ¢ is a 3-CNF formula, enc(¢) has size O (p(n)) where p(.) is a polynomial. This
implies that for every n > 0, there is a polynomial size verifier circuit C,, and a corresponding
Boolean formula F,(Z, Y) with |Z| = n, |Y| = p(n). Thus, we obtain an instance of BFnS,
F.(Z,Y).

— Now, for Part 2., if the Skolem functions synthesized ¥(Y) are of size polynomial in
n, F,(¥(Y),Y) would also be of size polynomial in n. Therefore for every 3-CNF
formula ¢(Z) on n variables, satisfiability of ¢ can be decided by setting Y = enc(¢)
in F,(¥(Y),Y). Thus, we obtain a solution for n-variable instance of 3-SAT using
polynomial-sized circuits. Recall that problems that can be solved using polynomial-
sized circuits are said to be in the class PSIZE (equivalently called P/poly). Now since
3-SAT is NP-complete, it follows that NP C P/poly. By the Karp-Lipton Theorem [29],
this implies that 25 = 17; , which implies that the PH collapses to the second level.

— Similarly, for Part 3., if ¥ (Y) is of size 2°C”), then F (¥ (Y), Y) will also be of size 2°0").
In other words, we can evaluate this function in sub-exponential time 2000 and thus
solve the n-variable 3-SAT instance in time 2°), thus violating ETHy,. Note that since
the circuits for the Skolem functions can vary with input lengths, we may have different
algorithms for different input sizes. Hence we have to appeal to the non-uniform variant
of ETH. O

Theorem 1 implies that efficient algorithms for BFnS are unlikely. We therefore propose a
two-phase algorithm to solve BFnS in practice. The first phase runs in polynomial time relative
to an NP-oracle and generates polynomial-sized “approximate” Skolem functions. We show
that under certain structural restrictions on the NNF representation of F, the first phase always
returns correct Skolem functions. However, these structural restrictions may not always be
met. An NP-oracle can be used to check if the functions computed by the first phase are
indeed correct Skolem functions. In case they aren’t, we proceed to the second phase of our
algorithm that may take exponential time in the worst-case, but has been empirically found
to work well in practice.

2 We use the standard definition for ETHpy see e.g., [15,20]. We note however that in [16] the authors consider
an alternate definition of this notion.
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4 Opportunistic polynomial-sized synthesis

The first phase of our algorithm assumes access to an NP oracle (a SAT-solver in practice) and
makes polynomially many calls to it. Given the spectacular improvements in SAT solving
performance over the past few decades, our goal in this phase is to design an algorithm that
achieves efficiency in practice while synthesizing Skolem functions that are polynomial-
sized, whenever possible. To do so, we start by first processing the unate output variables in
the input specification.

Proposition 1 If F(Z,Y) is positive (resp. negative) unate in z;, then ¥; = 1 (resp. ¥; =0)
is a correct Skolem function for z;.

Proof Recall that F is positive unate in z; means F|,;,—g = F|;—1. It follows that
dz; F & (Fl;=0 V F|;;=1) & F|;=1. Hence, 1 is indeed a correct Skolem function for z;
in F. The proof for negative unateness follows along similar lines. O

The above result gives us a way to identify outputs z; for which a Skolem function can be
easily computed. Note that if z; (resp. —z;) is a pure literal in F, then F is positive (resp.
negative) unate in z;. However, the converse is not necessarily true. In general, a semantic
check is necessary to test for unateness. In fact, it follows from the definition of unateness
that F is positive (resp. negative) unate in z; iff the formula n;“ (resp. n;) defined below is
unsatisfiable.

nf = F@7 0,20 YY) A=FZT L2, Y). )
ng =F@7 L2 YY) A=FZT 0,20, Y). )

Note that each such check involves a single invocation of an NP-oracle, and a variant of this
unateness check has been used in [5].

If F is binate in an output z;, Proposition 1 doesn’t help in synthesizing ;. Towards
synthesizing Skolem functions for such outputs, recall the definitions of A; and I; from
Sect. 2. Clearly, if we can compute these functions, we can solve BFnS. While computing
A; and I exactly for all z; is unlikely to be efficient in general (in light of Theorem 1), we
show that polynomial-sized “good” approximations of A; and I'; can indeed be computed
efficiently. As our experiments show, these approximations are good enough to solve BFnS
for several benchmarks.

Definition 2 Given a relational specification F(Z,Y), we use F (Z,7.,Y) to denote the
Boolean formula obtained by first representing F in NNF, and then replacing every occurrence
of —z; (z; € Z) in the NNF representation with a fresh variable z;. The formula F (Z,Z7,Y)
is called the positive form of the specification F(Z, Y).

Example 1 Consider the specification F(Z,Y) = (z1 V y1) A (mz1 V —22) A (22 V —y2) A
(mz2V=z3 V=y1) A(z3 V y1) A (—z3 V y2). The positive formis F(Z,Z,Y) = (z1 V y1) A
@IVZ2IAN (V=) A @ VBV 2Y) A3V Y1) A@EY ). o
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The following are easy consequences of Definition 2.

Proposition 2 (a) f(Z, Z.,Y) is positive unate in boti/z\Z and Z.
(b) Let —Z denote (—z1,...7z,). Then F(Z,Y) & F(Z,—Z,Y).

For every i € {1,...n}, we can split Z in two parts, Z"1 and Z7 | (assume 7!, to be the

Z_H,Z], H_I,Y) We use
these representations of F interchangeably, depending on the context. For b, ¢ € {0, 1},
let b' (resp. ¢') denote a vector of i b’s (resp. ¢’s). For notational convenience, we use

f(b’ Zl”H, c, Zr»l_H, Y) to denote f(Z’ , Z;’_H, le, 2?4—1’ Y)|Z" b 7 —ci in the subsequent
1= 7 &1

discussion. The following is an easy consequence of Proposition 2.

empty sequence if i = n), and represent F (Z, Z, Y) as F (Zi ,

Proposition 3 Foreveryi €{l,...n}, the following holds: _
FO.2,,.0,~22, V) = 3Z,F(Z.Y) = F'.Z, V. ~Z],.Y)

Example 2 Consider the specification F(Z, Y) in Example 1. It is an easy exercise to show
that

IZVF(ZY) = (V-2 AV oy) AV -V oy A Yy A -z Vo)
IZIF(Z,Y) = (1 A=z3) V=) A V) A=z V)
IZIFZY) = »n
In addition, we have
F', 730", -73)Y) = yiA—2A-y Az
F(o2 73,0°,-Z3Y) = 0
F(03,03,Y) = 0
F'. 231", =Z3.Y) = (22V=y) A (=22 V=23V =y1) A3V y1) A (=23 V y2)
F(12,23,12,-23.Y) = (;3Vy)A(=z3V )
F(13, 1* Y) = 1
Notice that F(0, Z!, 0, =Z! |, Y) = 3Z:F(Z)Y) = FQA,Z! 1, -Z' .Y)
holds for each i € {1, 2, 3} O
Lemma 1 Forevery z; € Z, we have:
(a) ﬂF(l’ 0.2, 1. -2}, . Y) = A =>ﬁf(01 Z! .0, =z Y)
(b) ~F(1', 2, 1710, 2! |.Y) = [; = =FO' 1,2/ .0, =Z .Y
Proof Follows immediately from Proposition 3 and the definitions of A; and ;. O

Example 3 Consider the specification in Example 1 again. The following are easily obtained
from the definitions of A; and I3, and from the formulas derived in Example 2.

—~F(0,23,1,-23,Y) & A1 & =y V (m22 Ay2) V (22 A 23) V (23 V —y2)
- —F(1,73,0,-Z3,Y) & I & 22V V =y Vs
- =F(1',0,Z3,1',1,-23.Y) & Ay & =F(0',0, 23,0, 1,-Z3.Y) & =y Vy, V 23

- —Fa',1,73,1",0, _‘Zg,Y)<:>(Z3/\y1)V(_‘Z3/\_‘y1)V(Z%/\—')’2):>_‘)’1VZ3<:>
1“2:>—-F(01 1,Z3,0',0,-7Z3,Y) & 1

- =F(12,0,12,1,Y) & A3 & —y; = 1 & =F(0%,0,0%,1,Y)
- =F(1%,1,12,0,Y) & =y = 1 & I3 & —F(0%,1,02,0,Y)

As can be seen, in the context of this example, some of the implications in Lemma 1 are strict
(i.e. one-way implications), while others are equivalences (i.e. two-way implications). O
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Since A; and I are hard to compute exactly, we mostly use their under-approximations in the
development of our synthesis algorithms. Recall from Sect. 2 that both A; and —TI7; suffice as
Skolem functions for x;. Therefore, we propose to use either an under-approximation of A; or
an over-approximation of —I7; (depending on which has a smaller AIG) as our approximation
of ;. Specifically, we use

§ =—FQ'710,2 1", =Z! .Y), yi = -F(', 2!, 1710, -2, Y) (3
Y; = &; or —y;, depending on which has a smaller AIG 4)

Note that if 1/; is chosen as §;, it under-approximates a correct Skolem function, while if v;
is chosen as —y;, it over-approximates a correct Skolem function.

Example 4 Consider the specificationZ = Y, expressedinNNFas F(Z,Y) = /\;’:] ((zi A yi)
V(—zi A —y;i)). As noted in [38], this is a difficult example for CEGAR-based QBF solvers,
when n is large.

From Eq. 3, §; = = (—=y; A /\?Ziﬂ(z,’ S Y=y Vv \/?:H_l(Zj & —yj),and y; =
—i A Njcip1@ € yi) ==vi v V'Zip1(zj € —y)). With §; as the choice of ;, we
obtain ¥; = y; Vv \/;zi 11(zj © —yj). Clearly, ¥, = y,. On reverse-substituting, we get
Y1 =Yn—1 V Yy & =¥y) = yu—1 vV 0 = y,_1. Continuing in this way, we get {; = y;

foralli € {1,...n}. The same result is obtained regardless of whether we choose §; or —y;
for each ;. Thus, our approximation is good enough to solve this problem. In fact, it can be
shown that §; = A; and y; = [; foralli € {1, ...n} in this example. O

Note that the approximations of Skolem functions, as given in Eqgs. (3) and (4), are effi-
ciently computable for all i € {1, ...n}, as they involve evaluating F with a subset of inputs
set to constants. This takes no more than O(| F|) time and space. As illustrated by Exam-
ple 4, these approximations also often suffice to solve BFnS. The following theorem partially
explains this.

Theorem 2 (a) Suppose 1 < i < n and the following holds:
Viell,...i} F/.Z20, V.2 . Y)= FU/"'1,28,,,170.Z,,.Y)
1 j—11 7"
v F/~lo, ZJ-H’ 1/ LZ; .Y

Then3ZiF(Z,Y) & F(, 2!, | 1), =Z! . Y).
(b) IfI?(Z, —Z,Y) is in WDNNF, then §; = A; and y; = I foreveryi in{l,...n}.

Proof To prove part (a) we use induction on i. The base case corresponds to i = 1. Recall
that 37! W\ F(Z,Y) & F(l 75.0,-75, Y)\/F(O 77,1, =73, Y) by definition. Proposition 3
already asserts that EIZ F (Z Y = F 1, Z" 1,-75.Y). Therefore if the condition in
Theorem 2(a) holds forz = 1, we have F(l Zg,l —-Z’z’,Y) & F(l 75,0,-725,Y) v
F(0,7Z5,1,—=Z75,Y), which in turn is equivalent to HZ F(Z,Y). This proves the base case.
Let us now assume (inductive hypothesis) that the statement of Theorem 2(a) holds for
1 < i < n. We prove below that the same statement holds for i + 1 as well. Clearly,
Zi+1F (Z Y) & Elz,Jr 1 (EIZi F(Z, Y)). By the inductive hypothesis, this is equivalent to
Azi41 Fai, z, 1 —-Zl+1,Y) By definition of existential quantification, this is equiva-
lentto F(I'+!, Z2 ,, 170, ~Z" ,, Y)V F(1'0, Z}',,, 1"+, =Z!' . Y). From the condition in
Theorem 2(a), we also have F (11, 7z, 1 Z 7:12, Y)= F(l’+1 Z!,. 10, Z! 5, Y)Vv
Fo, z,, 1+ Z! 12, Y). The 1mp11cat10n in the reverse direction follows from Proposi-
tion 2(a). Thus we have a bi-implication above, which we have already seen is equivalent to
3Z1‘1+1 F(Z,Y). This proves the inductive case.

@ Springer



Formal Methods in System Design

To prove part (b), we first show that if f(Z, —Z,Y) is in WDNNF, then the condition in
Theorem 2(a) must hold forall j € {1, ...n}. Theorem 2(b) then follows from the definitions
of A; and I (see Sect. 2), from the statement of Theorem 2(a) and from the definitions of §;
and y; (see Eq. 3).

For 1 < j < n, let {(ZHI,Z]H,Y) denote the negation of the implication

in the condition of Theorem 2(a), i.e. ;(ZH_I, ;_H,Y) F(lf Zj+1,1j,Zj+I,Y)
A —-(F(ll 1, Z”+1711 lo, Z]H,Y)VF(ll lo, Z"H,lffll Z]H,Y)) To prove by

contradlctlon suppose F(Z,—Z,Y) is in wDNNF but there exists ] (1 < j < n) such that
;“(Z]_H, j+1’ Y) is satisfiable. Let ZH_1 =, Z;+1 “and Y =" be a satisfying assign-

ment of ¢. We now consider the simplified DAG (circuit) obtained by substituting 1/~! for

Z{ ~! as well as for Z{ : ,eforZ" " for Z';- 41 and " for Y in the DAG representation of

j+1e
F. This simplification replaces the output of every internal node with a constant (0 or 1), if
the node evaluates to a constant under the above assignment. Note that the resulting DAG
(circuit) can have only z; and z; as its leaves (inputs). Furthermore, since the assignment
satisfies ¢, it follows that the simplified circuit evaluates to 1 if both z; and z; are set to I,
and it evaluates to 0 if any one of z; or Z; is set to 0. This can only happen if there is a node
labeled A in the DAG representing F'(Z, —Z, Y) with a path leading to the leaf labeled z ;, and
another path leading to the leaf labeled z ;. This contradicts the assumption that F (Zz,-71,Y)
is in WDNNF. Therefore, there isno j € {1, ...n} such that the condition of Theorem 2(a) is
violated. O

In general, the candidate Skolem functions generated from the approximations discussed
above may not always be correct. Indeed, the conditions discussed above are only sufficient,
but not necessary, for the approximations to be exact. Hence, we need a separate check to
see if our candidate Skolem function vector W is correct. To do this, we construct an error
formula ew(Z',Z,Y) = F(Z',Y) A \]_,(zi & i) A—F(Z,Y), as described in [28], and
check its satisfiability. The first term in the error formula checks if there exists some valuation
of Z that makes F(Z,Y) true. The second term assigns variables in Z to the values given
by the candidate Skolem functions, and the third term checks if this assignment falsifies the
formula F. As shown in [28], checking the unsatisfiability of ey suffices to determine if ¥ is
a correct Skolem function vector. We reproduce below the relevant theorem and proof from
[28] for the sake of completeness.

Theorem 3 ey is unsatisfiable iff ¥ is a Skolem function vector.

Proof Suppose ey is unsatisfiable. By definition of ey, we have

n

VZ'VZINY (F(Z’, Y) = </\(z,- &Y = F(Z, Y))) .
i=1

By standard logic transformations, this implies VY (EIZ/ FZ,Y) = F' (Y)), where F’(Y)

denotes F(Z,Y) with z; substituted by ; for all i in {1, ...n}. Therefore, 9 is a Skolem

function vector for Z in F.

Suppose 7 is a satisfying assignment of ey . By definition of ey, 7 is a satisfying assign-
ment of F(Z',Y) and of A\7_, (z; & Vi) A ~F(Z,Y), considered separately. Thus, the
values of z1, ..., z, given by Y1, ..., ¥, respectively, cause F to evaluate to O for the valu-
ation of Y in . However, there exists a valuation of Z, viz. |z, that causes F to evaluate
to 1 for the same valuation of Y in 7v. Hence, 9 is not a Skolem function vector for Z in F,
as witnessed by the valuation of Y in 7. O
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We now combine all the above ingredients to come up with algorithm BFSS (for Blazingly
Fast Skolem Synthesis), as shown in Algorithm 1. The algorithm can be divided into three
parts. In the first part (lines 2—10), unateness is checked. This is done in two ways: (i) we
identify pure literals in F' by simply examining the labels of leaves in the DAG representation
of F in NNF, and (ii) we check the satisfiability of the formulas n;“ and »;, as defined in
Eqgs. (1) and (2). This requires invoking a SAT solver in the worst-case, and the solver may
need to be invoked at most O(n2) times until no more unate variables are detected. Once we
have done this, by Proposition 1, the constants 1 and 0 are correct Skolem functions for the
positive and negative unate variables respectively, thus identified.

In the second part, we fix an ordering of the remaining output variables according to an
experimentally sound heuristic, as described in Section 6, and compute candidate Skolem
functions for these variables according to Egs. (3) and (4). We then check the satisfiability
of the error formula ey to determine if the candidate Skolem functions are indeed correct. If
the error formula is found to be unsatisfiable, we know from Theorem 3 that we have correct
Skolem functions, which can therefore be output. This concludes phase 1 of algorithm BFSS.
However, if the error formula is found to be satisfiable, we move to phase 2 of algorithm
BFSS. It is not difficult to see that the running time of phase 1 is polynomial in the size of the
input, relative to an NP-oracle (SAT solver in practice). This also implies that the Skolem
functions generated can be of at most polynomial size. Finally, if F satisfies the conditions of
Theorem 2, the Skolem functions generated in phase 1 are correct. From the above reasoning,
we obtain the following properties of phase 1 of BFSS:

Algorithm 1: BFSS

Input: F(Z,Y) in NNF with inputs Y and outputs Z. Let |[Y| = m and |Z| = n
Output: Skolem function vector ¥ = (Y1, ..., ¥,) for Zin F

1 Initialize: Uy :=; Uy :=0;// Sets of negative and positive unate variables
2 repeat

3 for each z; € Z\ (Uy U Up) do

4 if F is positive unate in z; // zj pure or n?’ (Egn 1) satisfiable;

5 then

6 L F:=F[z; =1]; U =UU{zg}

7 else if F is negative unate in z; // —z; pure or n~ (Egn 2) satisfiable;
8 then

9 | F:=Flz; =0]; Up:=UpUlz}

10 until no more unate variables found,

11 Choose an ordering < of Z; // Section 6 discusses actual ordering used;
12 for each z; € Z in < order do

13 if z; € Uj for j € {0, 1} // Assume 7] X722 X...ZnS

14 then

5| | Y=

16 else

17 L Compute §;, y; and ¥; according to Equations (3) and (4);

18 ey = F(Z,Y) A Nj_ @i € ) A=F(Z,Y);
19 if ey is unsatisfiable then
20 L Terminate and output ¥;

21 else
2 L Call Phase2;
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Theorem 4 [. For all output variables in which F is unate, phase 1 of BESS computes correct
Skolem functions.

2. If F is in wDNNF, phase 1 of BFSS computes correct Skolem functions.

3. The running time of phase 1 of BFSS is polynomial in input size, relative to an NP-oracle.
Specifically, the algorithm makes O(n?) calls to an NP-oracle.

4. The candidate Skolem functions output by phase 1 of BFSS have size at most polynomial
in the size of the input.

By our hardness results in Sect. 3, we know that the above algorithm cannot solve BFnS for all
inputs, unless some well-regarded complexity-theoretic conjectures fail. As a result, we must
go to phase 2, in the worst case. Our experiments however show that this is not necessary
in the majority of the benchmarks and phase 1 itself suffices. Interestingly, this is despite
the fact that not all of the benchmarks are in wDNNF. Indeed, there is a deeper connection
between the representation of the specification F* and the complexity of synthesis of Skolem
functions, as has been explored recently in [2].

5 Synthesis by expansion

We now describe phase 2 of BFSS, which is invoked only if phase 1 fails to generate a correct
Skolem function vector. Unlike phase 1, phase 2 may need exponentially many invocations
of an NP-oracle in the worst case. However, phase 2 always terminates with a correct Skolem
function vector.

Recall that the candidate Skolem functions computed in Step 17 of Algorithm 1 were
derived from under-approximations §; and y; of A; and I respectively. As discussed in
Sect. 2, if we could use A; and I} instead, we would obtain the correct Skolem functions
directly. This suggests a generic method for “improving” the candidate Skolem functions
obtained from phase 1. Specifically, we propose to expand the under-approximations §;
and/or y;, while maintaining the invariant (§; = A;) A(y; = [;)foralli € {1,...n}.
Formally, we say &/ is an expansion of 8; if (§; — 8. = A;) A 8] /~ & holds.
Similarly, we say y/ is an expansion of y; if (y => y/ = I;) Ay} /= y;holds. Note
that the candidate Skolem function 8; (resp. —-)/i’ ) is “better” than §; (resp. —y;) in the sense
that it differs from the correct Skolem function A; (resp. —17;) on strictly fewer assignments..
In the limit, if §; (resp. y;) is expanded all the way to be semantically equivalent to A; (resp.
I7}), the candidate Skolem function v/; is indeed a correct Skolem function.

In general, different algorithms may be used for expanding 8; and/or y;, i.e. obtaining §;
and/or )/l/ satisfying the expansion conditions given above. We use the term expansion-based
algorithm to denote any algorithm for Boolean functional synthesis that works by starting
with underapproximations of A; and/or I'; for every output z;, and that (progressively or in a
single step) expands these underapproximations until correct Skolem functions are obained
either as §; or —y;, as the case may be. The counterexample-guided abstraction refinement
(CEGAR) algorithm of [28] is a special case of an expansion-based algorithm that works for
factored specifications. In phase 2 of BFSS, we use a mix of three different expansion-based
algorithms that work for arbitrary specifications.

5.1 Zooming down on a Skolem function to rectify

Suppose W is a candidate Skolem function vector, where each ; is either §; or —y;, with
8i = A; and y; = I;. Suppose further that 7 is a satisfying assignment of the error formula
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ey. By Theorem 3, at least one candidate Skolem function ; is incorrect and must be
rectified. We call 7 |y a counterexample for W, since W fails to serve as a correct Skolem
function vector when Y = x| y. Furthermore, since F (7 |z, 7]y) = 0, we say that 7 | 7
is the evidence for |y being a counterexample. Our goal now is to expand §; and y;, as
needed, to ensure that 77 |y eventually ceases to be a counterexample. We call this process
eliminating a counterexample.

Since some Skolem functions in ¥ may indeed be correct, we must first identify candidate
Skolem functions ; that are necessarily incorrect. Recall from Sect. 2 that for every i €
{1, ...n}, ¥, isexpressed as a functionof z; 1, . . . z, and Y. Hence, given a candidate Skolem
function vector ¥ and an assignment T : Y — {0, 1}, the value of z,, (given by v,,) depends
only on 7, the value z,,_ (given by ¥,,_1) depends on the value of z, (given by v,) and on
7, and so on until z1. Therefore, if a candidate Skolem function ; is incorrect, it can induce
another candidate Skolem function /; to compute an incorrect value for z;, where j < i.In
view of this, when finding erroneous candidate Skolem functions, it is desirable that we first
examine v, and only if ¥, is correct, should we examine v,_1, and so on. Hence, finding
the largest k € {1, ...n} such that v is incorrect is important when rectifying erroneous
candidate Skolem functions. In general, this requires taking into account all counterexamples
for W. Since the count of such counterexamples can be exponential in |Y|, we focus for now
on the specific counterexample |y, and find the largest k such that ¥ is incorrect when Y
is set to | y. As we show later, rectifying the corresponding v is not wasted effort, since
it must be rectified by every expansion-based algorithm before a correct Skolem function
vector is obtained.

To reduce notational clutter in the following discussion, for every assignment t € {0, 1}"
of Y, we use ¥(7) to denote the sequence (&1, ...&,), where §, = v,(7) and § =
Yi(Eiy1,... &, ) for i € {1,...n — 1}. With abuse of notation, we also use ¥;(t) to
denote v; (§;41, ...&y, T) fori € {1,...n — 1}, when there is no confusion.

Definition 3 Let W be a candidate Skolem function vector for a specification F(Z,Y). Let
7 € {0, 1} be an assignment of Y such that 3Z F(Z, ) = 1. We define the critical index of
W with respect to 7, denoted ky (7), as follows:

kw(t) =0if F(¥(r),7) =1, and

cw(7) = min (Fz1, .. 2k F(z1, - 2k, Va1 (T), ... Y (1), T) = 1) otherwise.

Letk = kg (7). Intuitively, if we assign (V4+1(7), . .. ¥, (7)) to ZZ_H andt to 'Y, itis possible
to satisfy F(Z, Y) by choosing some values in {0, 1} for each of zy, ... zx. However, if we
additionally assign ¥ (7) to zx, there is no way to satisfy F(Z, Y). Therefore, k is the largest
index in {1, ... n} such that ¥ is an incorrect candidate Skolem function, when considering
the counterexample 7.

Example 5 Let us re-visit the specification from Example 1, reproduced here for convenience:
F(Z,Y) = (z1 VYDA (21 V=22) Az V=) A (222 V=23V =y D) AZ3 VYD A (23 V).
Following Eqgs. (3) and (4) and using —y; as the initial candidate Skolem function for
Zi, we get Y| = —z2 ATy A YL A Tz3, Y2 = (23 Vv A3V oy A (tza Vv
y2) and ¥3 = y;. The corresponding error formula ey has a satisfying assignment
(2}, 75, 25, 21,22, 23, y1, y2) = (0,1,0,0,0, 1,1, 1). Hence, (y1,y2) = (I, 1) is a coun-
terexample and (z1, z2, z3) = (0, 0, 1) is the evidence for the counterexample. In this case,
F(z1,22,1,1,1) = (—z1 V —22) A 22 A —z2 = 0 for all values of z1, zo. Hence, 3 is in
error, and must be rectified if we are to eliminate the counterexample (y, y2) = (1, 1). Note
that by Definition 3, «y ((1, 1)) equals 3 in this case. m]
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Recall from Sect. 4 that the error formula ey has free variables Z’, Z and Y. Therefore, if
is a satisfying assignment of ey, we have F(w |z, mly) = land F(w |z, w]y) = 0. The
following proposition now follows from Definition 3.

Proposition 4 If w|y is a counterexample for VU, then kg (|y) > 0.

In the case of Example 5 above, Y = (1, 1) is a counterexample for ¥, and indeed
kg ((1, 1)) = 3 (> 0). We now show that regardless of which expansion-based algorithm is
used (including those that consider all counterexamples for W), if k denotes kg (77 | y), the k k
candidate Skolem function must be rectified before the counterexample 7 |y is eliminated.
Towards a formalization of this result, let A denote an arbitrary expansion-based algorithm
that takes F(Z,Y) and ¥ as inputs, and returns an updated Skolem function vector ¥’ as
output. The following lemma shows that W’ cannot differ from ¥ in components with index
greater than xy (] y), if we evaluate them on the counterexample 7|y for V.

Lemma2 Foralli € {ky(wly)+1,...n}, ¥i(wly) = ¥/(ly).

Proof We prove the lemma by contradiction. For notational convenience, let T denote 7|y
in the proof. If possible, let there be an index i € {kg(t)+1, ...n} such that ¥, (t) # wi’(r).
Without loss of generality, we choose i to be the largest such index. This implies that for all
jeli+1,...n},¥(t) = I/f;(t).

There are two sub-cases to consider, depending on whether v; was chosen to be §; or —y;,
where §; = A; and y; = I;. We consider the case where 1/; was chosen to be §; first. Since
Yi(t) # wi’ (1), algorithm .4 must have changed §; . Since A is an expansion-based algorithm,
it can only change §; by expanding it. Therefore, we must have §; (Vi +1(7), ... ¥, (7),7) =0
and 8;(%“ (7), ... Yn(r), T) = 1. This also means that y; (t) = 0.

Since Ky (t) + 1 < i < n, by Definition 3, we have 3Z' ™" F(Z'™', ¢ (v), ... ¥ (1), T)
= 1. Furthermore, since 5;(W[+1(‘L'), ...Yu(tr), ) = 1 and since 8; underapproximates
A; (recall A is an expansion-based algorithm), we have A; (Y;y1(7), ... ¥,(7), 7) = 1.
Therefore, by definition of A; (see Sect. 2), EIZ’rl F(Z"]*l, 0, ¥it1(7), ... Yp(r), ) = 0.
Since ¥/(t) = 0, this also means 3Z' ™' F(Z!™!, (), ... ¥ (7). T) = 0 This contradicts
what we inferred above. A similar analysis for the sub-case where v; is —y; also leads to a
contradiction. This proves the lemma. O

Corollary 1 Let T be a counterexample for W, and let W' be the updated candidate Skolem
function vector generated by an expansion-based algorithm A. If Y. (t) = ¥ (t), where
k = kg (7), then T is a counterexample for W' as well.

Proof From Lemma 2, v¥;(t) = /(r) for all i € {k + 1,...n}. Suppose further
that Yy (t) = w,i (7). From the definition of xy(7) (see Definition 3), we know that
3ZX P2 (o), - (), ©) = 0.t follows that 3Z5 ' F(ZX™! yl (o), ... ¥l (0), ©)
is also 0. Hence, =F(Z,t) A \I_(zi & ¥/(t)) is satisfiable. Furthermore, since 7 is a
counterexample for ¥, we know from the definition of ey that F(Z/, t) is satisfiable. It
follows that F(Z', 1) A —=F(Z, ) A \/_,(zi < /(1)) is satisfiable. In other words, 7 is a
counterexample for ¥’. O

Corollary 2 Once a counterexample is eliminated, it can never be re-introduced by an
expansion-based algorithm.

Proof Let t be an assignment of Y that represents an eliminated counterexample. Hence,
if W denotes the current candidate Skolem function vector, we have F(¥(7), t) = 1. By
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Definition 3, we also have ky () = 0. Therefore, by Lemma 2, if ¥’ is the updated candidate
Skolem function vector generated by an expansion-based algorithm, we must have /() =
Yi(t) foralli € {1,...n}. Hence F(¥'(1),t) = F(¥(1), T) = 1. Recalling the definition
of ey, it follows that T cannot be a a counterexample for ¥’ ]

Lemma 3 Let T be a counterexample for ¥ with k = ky (7). The following statements are
true.

1. Any expansion-based algorithm that eliminates the counterexample T must necessarily
update Y.

2. If Vi = &, then & < Ax. Specifically, §i(Vit1(T), ... ¥a(x),T) = 0 while
Ac(Yig1 (D), . Y (), 7) = 1

3. If ik = —yk, then yr < I. Specifically, yk(lpk+1(r),...1//n(r),r) = 0 while
Le(Yrs1 (0. (D). 7) = 1.

Proof Part (a) is an easy consequence of Corollary 1. We prove part (b) by contradic-
tion. Suppose, if possible, §; (lﬁk_H(‘c), Y (), ‘L') = 1. Since 6y = Ay, we must have
Ak(Yr41(1), ... Y (1), T) = 1 as well. Thus, both §; and A evaluate to the same value,
ie. 1, for Z{ | = (Yxs1(x),...¥n(r)) and Y = 7. We also know that A; is always a
correct Skolem function for z;. Since v is chosen as J, it follows that ¢ evaluates to the
value of the correct Skolem function for z; when ZZ = (lﬁk+1 (1), ... w,,(r)) and Y = 1.
Therefore, by the definition of a Skolem function, if 3ZX F (Z¥, v y1 (1), ... ¥ (2), 7) = 1,
then EIZ'f “F (Z’f’1 LUk (o), . (D), r) = 1 as well. However, this contradicts the fact that
k = kg () (see Definition 3). Therefore, 8y (1//k+1(r), (7)), r) =0.

To see why Ag (1//k+1(r), (7)), 1:) = 1, notice that EIZ]fF(ZIf, Yi41(T), .. Y (7)), r)
= 1, although EIZ’IFl F(Zlffl, Yi(T), ... Yu(7), ‘E) = (. Therefore, a correct Skolem func-
tion for zi, viz. A, must evaluate to =y, () when ZZ+1 = (wk(r), ... WI(T)) and Y = 1.
We have already seen above that the value of 1 (= &) for this assignment of Z;: T and Y,
is 0. In other words, Y () = 0. Therefore, Ay (Yk+1(7), ... ¥, (7), T) must evaluate to 1.
This also clearly shows that &; < Ay.

The proof for part (c) is exactly the same as that for part (b) with y; and I replacing i
and Ay, respectively. Since ¥, = —y4 in this case, ¥y must evaluate to 1, while a correct
Skolem function (such as —I%) must evaluate to 0, when Z , | = (Yx+1(7), ... ¥, (7)) and
Y=r. ]

It is clear from the discussion above that the critical index of ¥ w.r.t a counterexample
7|y plays an important role in identifying a candidate Skolem function that must be rectified.
How do we find this critical index in practice? If & denotes a satisfying assignment of
ey, it is an easy exercise to show that EIZ’iF v/ ¢Z;1+1, m ly) = 1 logically implies

EIZ{F(Zj, TWZ'}H ,mly) = 1forall j € {i,...n}. Therefore, kg (7]y) can be found by

a binary search that identifies the minimum i such that F(Z}, ﬂizfﬁ , wly) is satisfiable.
This requires O(log, n) calls to a SAT solver. In the following discussion, we assume access
to a procedure COMPUTEK that finds xy (7w} y), given ¥ and 7, in this manner.

5.2 Counterexample-guided expansion of §; and y;
We now describe three expansion-based algorithms used in phase 2 of BFSS. While we

experimented with several expansion-based algorithms, the combination of the three pre-
sented below gave us the best results in practice. In the following discussion, we assume that
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W is a candidate Skolem function vector, where 1; is either §; or —y;, foreachi € {1, ...n}.
Furthermore, we assume that 7 is a satisfying assignment of ey, and k = «y (7] y). Since
ew = F(Z',Y) AN =F(Z,Y) AN N\/_|(zi < ), itis easy to see that 7 |z= W(r |y ).
Therefore, for 1 <i < j < n, we often use 7|, ,; to refer to (YiGrly), ... ¥j(rly)) inthe
following discussion. I

5.2.1 Maximally expanding §; and y;

In this approach, we make use of the observation that if §; and y; are maximally expanded
to become semantically equivalent to A; and I respectively, then there is no further need
to update the candidate Skolem function ¥; (chosen to be either §; or —y;). We know from
Definition 3 that there is a satisfying assignment of F'(Z, Y) in which Z} | has the value
”lz’h . Hence, there is no need to update Y1, ... ¥y, in order to eliminate the counterex-
ample 7| y. Instead, if we simply ensure that all §; and y; fori € {1, ...k} are expanded to
A; and 7 respectively, the counterexample 7 |y is guaranteed to be eliminated. Algorithm
MAXEXPAND (see Algorithm 2) achieves this when the input parameter c is set to k. Note
that this algorithm requires (61 < A1) A (y1 < I7) to hold when it is invoked. Fortunately,
this pre-condition is trivially satisfied. Specifically, A; = —F(0, Z5, Y) by definition, and
= —-I?(O, 73,1, —-Zg_H, Y) = —F(0,Z5,Y) from Eq. (3). It follows that 5 = A;. By a
similar argument, we get y; = I as well.

Algorithm 2: MAXEXPAND
Input: c € {1,...,n}, 81, 1
Output: Updated (§;, y;, ¥;) for 1 <i <c
// Requires: (0] & A)A(y; & 171)
1 fori =2tocdo
2 | 8 < Bi—1 AVi—Dlz;=0;
3| i < @i AYi—Dg=15
4fori =1t cdo
5 | Wi <8 (or—yp); // Either choice is fine

6 return (8;, y;, ;) for 1 <i <c;

Lemma4 The following statements hold after Algorithm MAXEXPAND terminates, where

primed functions denote their updated versions after executing the algorithm.

1. 8 & Ajandy! & T foralli € {1,...c}.

2. Let W' be the updated Skolem function vector that results from setting V! to either 8] or
—y/ foralli € {1,...n). If 1’ |= ey, then kg (7'}y) > c.

Proof We prove part (1) by induction on c. By virtue of the pre-condition, the base case is satis-
fied when ¢ = 1. Suppose the claim holds foralli in {1, ...m}, where 1 <m < c¢.Thus,§,, =
Ay, and y,, = I,. We now show that the claim holds for m + 1 as well. By definition, A, =

—3ZF (2,0, 2! Y):—-(EIZ;”_IF(Z’I”_l,O, 2 Y=o v IZVTF@TT L

m+2° m+1°
Z, .Y, .1=0)- This, in turn, is equivalent to (A, A I}y) |z,,. 0. Therefore, using the
induction hypothesis, we get Ay41 = (8}, A ¥;,) lz,51=0- A similar argument shows that

Lns1 = (8), A ¥pp) lzps1=1. By mathematical induction, and by virtue of the updates in steps
2 and 3 of MAXEXPAND, we finally get §; = A; and y/ = I'; for 1 <i <c.
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To prove part (2), suppose 7’ = ey and | = kg (7'}y) < c. By Lemma 3(2) and 3(3),
either (8; & Ap) or (yl’ > I7) must hold. This contradicts the first part of the lemma proved
above. Hence g (7r')y) must be greater than c. ]

The worst-case size of the updated §; and y; functions computed by Algorithm MAXEXPAND
grows exponentially in ¢ and linearly in | F|. This blow-up is similar to that seen in the algo-
rithm of Jiang et al. for quantifier elimination via functional composition [7,25]. Therefore,
although Algorithm MAXEXPAND can solve BFnS in principle (if the parameter c is set to n),
it is useful in practice only when c is restricted to small values (say, < 4).

5.2.2 Expanding to reduce the critical index

In this approach, we expand y; and/or §; in a manner that ensures that the critical index of ¥
w.r.t. the counterexample 7|y reduces. By Proposition 4, we know that the critical index of
W w.r.t. a counterexample must always be positive. Hence, it can reduce at most n (= |Z|)
times, after which the counterexample must be eliminated.

Since k is the critical index of ¥ w.rt. 7 |y, we know from Definition 3 that
32\ Py gy, wly) = 0 and 3ZEF (2L, 7z, 7w dy) = 1. It follows from ele-
mentary logic that EIZII‘_IF(ZII‘_I, - (zx], T ¢Zz+l ,m }y) = 1. This fact, together with
Lemma 2, suggests that we update the candidate Skolem function v so that that it evaluates
to =7 [z¢] (instead of 7[zx], as it currently does) when Zj, , and Y are set to 7 LZZH and
7}y respectively. Let the updated Skolem function vector be W’. Clearly, the critical index
of W w.rt. 7 |y cannot be k or more, since 3Z§71F(Zlf71, =7t [zx], ”¢Z'i+1 ,Tly) = 1.
Therefore, either 7 |y ceases to be a counterexample, or the critical index of W' w.r.t. |y
reduces to a value strictly less than k.

Lemma 3(2) and (3) suggest that if & (resp. yy) is updated to evaluate to 1 when Z;_; and
Yaresettorn) 7., and |y respectively, then the updated ¥ evaluates to —m[zx] for the
same assignment. An easy way to achieve this is to simply add the minterm corresponding to
(Z}: 11 Y) = nL(ZZH Y) to & (resp. yx). However, we can do better! Lemma 2 tells us that the
value of ZJ} SRPEN obtained from the updated candidate Skolem function vector, equals 77|, 7,
when Y is set to 7 |y, regardless of what expansion-based algorithm we use. Therefore, it
suffices to simply add the minterm corresponding to (Y = 7 }y) to 8 (respectively yx) in
order to expand it. This motivates Algorithm ExpandAtK shown below. This algorithm takes
as input k = «y (71 y) and expands either §; or %, depending on whether v is chosen to be
8y or —yk. The notation &; V (Y = | y) is used to denote a function that evaluates to 1 when
either §; evaluatesto 1 orwhenY = | y. A similar interpretation applies to yx V(Y = mly).
The expansion of §; or yi is accompanied by a corresponding update of v in lines 3 and
6. Algorithm ExpandAtK also updates the evidence for the counterexample 7 |y that results
due to the above expansion. Note that 7 |y may no longer be a counterexample after the
expansion. In this case, the updated value of 7 |z simply gives the values of the correct
Skolem functions when Y = m|y. If, however, |y continues to be a counterexample with
a reduced value of the critical index, the updated value of 7 |z gives the updated evidence
for the counterexample.

Lemma5 The following statements hold after algorithm EXPANDATK terminates, where
primed versions refer to updated values, assignments and functions at the end of execution
of the algorithm.

L w'lzil =@z w'ly) forl <i <n.
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2. kg (w'ly) <k.

Proof To prove part (1), note that Algorithm EXPANDATK updates exactly one candidate
Skolem function, i.e. Y. Therefore, by Lemma 2, 7'[z;] = 7[z;] = ¥i(w izl.”HJT 1y)
= Y/’ izﬁl ,m’ }y) for k < i < n. The expansion in lines 1-6 of EXPANDATK, in
conjunction with Lemma 3, ensures that the value of v (7’ |zn , 7’ ]y) is the negation

k+1
of that of v ( LZZH , 7 }y). This, along with the assignment in line 7, ensures that after

Algorithm EXPANDATK terminates, 77'[zx] = ¥ (7’ iZ}EH’ 7'|y). The assignment in line 9
ensures that 7'[z; ] matches 1//1.’(71/¢Z;«+] ,m'ly)forl <i <k.

To prove part (2), note that after the flipping of 7 [zz ] inline 7, we have E!Z'f_l F(Z'f_l , n’¢zz,
7'ly) = 1, as discussed above. Therefore, ky (7’| y) cannot be k or more. If 7'y ceases

to be a counterexample, kg ('] y) = 0. Otherwise, 0 < ky/ (7'} y) < k. In either case, the
lemma is proved. O

5.2.3 Expansion based on counterexample generalization

The final expansion-based algorithm is inspired by and adapted from the work of John et al.
[28]. In their work, the relational specification is assumed to be given in a factored form, i.e. as
a conjunction of sub-specifications. They then compute initial under-approximations §; and
y; of A; and I respectively. Candidate Skolem functions are always chosen to be —y;, and
satisfying assignments (if any) of the error formula are used to iteratively expand §; and y; ina
CEGAR-like loop. A key component of the algorithm is a sub-routine called UPDATEABSREF
[28] that generalizes a counterexample 7 and uses the generalization to expand §; and y; fora
set of indices i. The termination and correctness proofs of the algorithm in [28] are contingent
on the assumption that the specification is given in a factored form, and that candidate Skolem
functions y; are always —y;. In this paper, we relax these assumptions and show that the
basic idea of the algorithm of John et al. [28] can be used in a much more general setting.

Algorithm GENERALIZEANDEXPAND, shown as Algorithm 3, presents our adaptation of
Algorithm UPDATEABSREF from [28]. Despite similarities between the two algorithms, there
are important differences. For example, the input specification is no longer required to be in
factored form and the candidate Skolem function v; is no longer required to be —y;. In fact,
Algorithm GENERALIZEANDEXPAND requires no additional pre-condition beyond the usual
ones.

The basic intuition behind Algorithm GENERALIZEANDEXPAND is as follows. Suppose
7w = ey. This yields a single counterexample, viz. w |y, and its corresponding evidence,
viz. w |z. We wish to generalize 7 to a set of assignments, such that each assignment
yields a counterexample and the corresponding evidence. Following standard convention,
we represent a set of assignments by its characteristic function, i.e. a Boolean function that
evaluates to 1 only for assignments in the set. Therefore, we generalize 7w by a suitably
constructed Boolean function w. In general, it is not necessary for the support of x to include
the whole of Z U Y. Instead, we require that sup(u) € Z?—H UY forsomei € {1, ...n}, and
ﬂi(z';ﬂ Y) = i (hence, u generalizes 7). In order to ensure that every satisfying assignment
(not just ﬂl(zfﬁ Y)) of u yields a counterexample and evidence, we also require that u =
(6i N yi). Since §; = A; and y; = I;, this implies that u = A; A I;. By definition,
AiNT & —-EIZ’i F(Zi , Z;‘+1, Y). Recalling that sup(u) C Z;’H U'Y, we conclude that no
satisfying assignment of 1 can render F true, regardless of what we assign to Z{ . Therefore,
for every satisfying assignment t of pu, it is desirable to modify ;1 so that it evaluates to
—T[zi41] whenever Z , and Y are set to 7 z,, and 7|y respectively.
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Algorithm 3: GENERALIZEANDEXPAND

Input: 7, k, (6;, yj, i) forl <i <n

Output: Updated (§;, y;, ¥;) fori € {1,...kgy(7ly)}

// Requires: m=e¢ey; k=«ky(rly); each ¢; is either §; or —y;
e max(m [ whgn ) Sn Aym):
2 [y < GENERALIZE(JTJ,(ZerI’Y), 8¢);

3 Uy <~ GENERALIZE(ﬂi(Z?H’Y), ve)s

4L < o AR
50« 0+1;
// Loop Invariant: r[i(z:}ﬂ)l: w; sup(u)gzzUY; nw=81—1AYi—1

while ¢ < gy (r]y) do

6
7 if zp € sup(it) then
8 if 7[z¢] = 1 then
9 H1 < [lzp=13
10 Ve < VeV K

if 8¢ th
11 i ni(ZZH,Y)I: ¢ then
12 no <« GENERALIZE(T[J,(Z? LY 8¢);

(+1°

13 [ T RAY S
14 else
15 L break;
16 else
17 Mo < lzp=03
18 8¢ < 8¢ V 1005
19 if then

I ﬂJ’(ZZ-H'Y)': Ye
20 Hy < GENERALIZE(J‘[\L(ZQHIA’Y), ve);
21 Ko<= 1o A KT
2 else
23 L break;
1 | <041,

25 return (§;, y;, ¥;) fori € {1, ... kg (Tly)}

The co-factor ;=1 is the characteristic function of the set of assignments of Z L VY
that, along with z;41 = 1, satisfy u, thereby preventing F' from being satisfied. For all such
assignments of Z{, , U'Y, we need to ensure that ¥ (yielding the value of z;+1) doesn’t
evaluate to 1. This implies that we must expand y;1; so that it evaluates to 1 whenever
Mz =1 is satisfied. One way of achieving this is to disjoin w|;; =1 with the current y; 4
to obtain the expanded y; 1. In a similar manner, |, , -0 can be disjoined with the current
8i+1 to obtain an expanded §;41. While both §;41 and y;1 can indeed be expanded using a
generalization of 7 in this manner, our experiments indicate that this can lead to significant
blow-up of memory and time requirements in many cases. Therefore, we choose to expand
only one of §;11 and y;4+1, depending on whether 7[z;41] is O or 1 respectively. Note that
if w[zi11] = O (resp. mw[z;41 = 1), we know that u|;,, —o (resp. u|;,=1) indeed has a
satisfying assignment, viz. ”i(zl@rz,Y)- Therefore, it is reasonable to choose to expand ;41
(resp. y;+1) in this case.

The above strategy of expanding §; 11 and/or y;4 results in updation of the candidate
Skolem function ;1. However, even after this expansion, it may turn out that ﬂi«(z¢+2,Y)
satisfies 8; 11 A y;+1. If this happens, we can repeat the above argument with i + 1 substituted
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for i. This suggests an iterative procedure for expanding §; and/or y; for increasing values
of jin {i 4+ 1, ...n}. The iteration is stopped when n¢(zq+] y) no longer satisfies §; A y;.
4Ty

Since k = ky(mly), we already know that EIZ]fF(Zk, b4 ¢ZZ+1 , ™ }y) = 1. Therefore,
”¢(Zz+l Y) & 8k A vk, and the above iterative procedure can be terminated early at k, instead
of iterating up to n.

The pseudocode in Algorithm 3 formalizes the intuition described above. The algorithm
starts off by identifying the largest index £ € {1,...n} such that m = §; A yg. It then
generalizes 7 to a formula p with support in Zy_ ; U'Y such that & ¢(Z;z+lyy)|= o and
i = 8¢ A ye. This is done using a sub-routine GENERALIZE (discussed later) in lines 2—4
of Algorithm GENERALIZEANDEXPAND. After ¢ is incremented in line 5, the loop in lines
16-24 maintains the following three invariants at the loop head: (a) 7 ¢(Z2,Y)|: uw, (b)
sup(u) € Z7 UY, and (¢) ¢ = 8¢—1 A ye—1. There are two ways in which the loop
eventually terminates: (a) either £, which is incremented in every iteration (line 24), exceeds
Ky (ly), or (b) we detect that nL(ZZH 'y) no longer satisfies §¢ A y¢ in the body of the loop
(lines 15 and 23).

Within the body of the loop, if the condition in line 8 holds, we know that w[z¢] = 1.
Additionally, from the loop invariant, we know that 7 |, @Y) = w. Itfollows that | @1, =
w1 at line 10, where | = ul;,—1. Therefore, 11| serves as a generalization of nL(ZZH,Y).
Note also that u = 8¢_1 A yp—1 (loop invariant) and 8,1 A yp—1 = A¢—1 A Ty—1 by
definition. Therefore, ;11 = (A¢—1 A I't—1)|;,=1. However, (A¢—1 A Ty—1)|;,=1 & T by
the definitions of Ay_y, Iy—1 and I;. Hence, u; = [, and we can safely expand y, by
disjoining it with 1¢1. This is exactly what Algorithm GENERALIZEANDEXPAND does in line
10. Clearly, 1 = y, after the statement in line 10 is executed.

In line 11, we check if n¢(z?+lyy)|= 8¢ holds. If so, we have 7r¢(z»lg+l’y)|= ye A 8¢, since
we already knew that 7 Jr(ZZH,Y) = v after the statement in line 10 was executed. In this
case, we use the GENERALIZE sub-routine to obtain a formula 1o with support in Zj VY
such that nL(ZZH,Y)l: no and (o = 8. It is now straightforward to see that the formula
#o A w1, with support in Zy_ ; U'Y, generalizes 7 ~L(Z'?+,,Y)! while under-approximating
8¢ A ye. Thus, the loop invariant is satisfied with £ being replaced by ¢ + 1, and we can
proceed to the next iteration of the loop. If, on the other hand, the check in line 11 fails, then
ﬂi(zzﬂ Y) = ve A 8¢, and the loop invariant would be violated if we continued with the next
iteration after incrementing £. Therefore, we exit the loop in line 15.

The above discussion considered the case when w[z¢] = 1. If w[z¢] = 0, the check
in line 8 fails and the statements in lines 17-23 are executed. These statements achieve a
similar effect as discussed above, except that §, is updated instead of y,. Of course, the above
discussion is meaningful only if z; € sup(u). The check in line 7 ensures that this condition
holds before we proceed to update §, and/or y.

For the function GENERALIZE, there are several options for implementing it. In general,
given ﬂi«(Z';H.Y) = g, where sup(g) C Z’]’.Jrl U'Y, we require GENERALIZE(7 L(Z»}H’Y), g)
to return a Boolean function g’ with support in Z;? 41 Y Y such that ‘L(Z';H’Y)': g and
g = g holds. At one extreme, we can return the minterm corresponding to n¢(Z'}+l yasg.

While this gives a correct implementation of GENERALIZE, it doesn’t really generalize the
counterexample, and the benefits of generalization are lost. At the other extreme, we can return
g itself as the result. While this achieves the purpose of generalizing a counterexample, our
experiments indicated that the memory and time overheads of this option are too high in our
context. So we adopt a middle path as follows. As in [28], we use a set of implicitly disjoined
formulas to represent each §; and y;. If g is 8; or y;, we let GENERALIZE(w L(Z?H’Y), g)
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return one of the formulas, say g;, in the above set—specifically, the one with the smallest
support such that NJ/(Z'}H .Y)[= gi. For reasons of practical performance, we restrict the sizes
of individual formulas in the set of implicitly disjoined formulas to be in O(| F|). Note that
this can always be done since the minterm corresponding to 7T¢(Z'/’.+1,Y) is of size |Y|, and
hence is in O(| F|).

Lemma 6 The following statements hold for Algorithm GENERALIZEANDEXPAND.

1. The index € computed in line 1 lies in {1, ... xy(7ly) — 1}.

2. There are three loop invariants at line 6: (i) ”l(Z;’,Y)': W, (ii) sup(u) € Zj; VY and (iii)
=81 A Vi1

3. There is at least one € € {2, ... ky (7wl y)} such that either &; or yy is expanded.

Proof To prove part (1), we first show that JT\L(Z'Z(VY)': 81 A y1. Since m = ey, we know
that F(w |z, 7ly) = 0 and 7[z1] = ¥ (7 izgv 7 ly). Now recall from Sect. 5.2.1 that
81 & Ajp and y; & 7. Therefore, regardless of whether yy = §; or ¥y = —yy, the
Skolem function v is correct for z1. In other words, if 3z1 F(z1, @ J,Zg, wly) = 1, then

F (Wl (g, wly), 7T¢zg,7T¢Y) = F(mwlz,m]y) = 1 as well. However, this contradicts
our earlier observation that F (7 |z, y) = 0. Therefore, we must have 3z1 F (z1, 7w | z2
, mly) = 0. From the definitions of 1 and y, this implies that 7T¢(Z’2’ )= 81 Ay1. Therefore,
if £ = max{m | JT\L(Z?"H’Y)': Sm N Vm}, then £ > 1.

Letk = ky(7ly). Suppose, if possible, ﬂi(z,ﬁ, Y)= 8i Ay forsomei € {k, ...n}.Since
8; = A; and y; = I, we have ”i«(Z?H,Y) = A; A T;. By definition of A; and [7, this means
37\ F(Z}, iz, . wly) = 0. However, from Definition 3, we know that foralli € {k...n},
37 F(Z}, wlz . wly) = 1. This gives a contradiction. Hence, 7 (z2_ v)# 8 Ay forall
i € {k,...n}. Therefore, if £ = max{m | ”i(ZZ,H’Y)': m A Vm}, then £ < k = ky(wly).
Combining the lower and upper bounds of £ obtained above, we get £ € {1, ... kg (wly)—1}.

In order to prove part (2), we need to show that the invariants hold in the following three
cases, where line numbers refer to those in the pseudocode for Algorithm GENERALIZEAN-
DEXPAND: (a) after ¢ is incremented in line 5, (b) after £ is incremented in line 24 following
the updation of w in line 13, and (c) after ¢ is incremented in line 24 following the updation
of 1 in line 21. All of these cases have been discussed in detail while describing the steps
in Algorithm GENERALIZEANDEXPAND, where it has been argued why the three invariants
hold in each of these cases.

To prove part (3), let £y be the value of ¢ identified in line 1, and let k = kg (w]y). As
provedin part (1), 1 < 9 < k — 1. Therefore, when control reaches line 6 after incrementing
£inline 5, we have 2 < ¢ < k and the loop in lines 6-24 is executed at least once. We now
ask if it is possible for zp ¢ sup(p) forall £ € {€o+ 1, ...k}, where p is as computed in line
4. Suppose, if possible, this is true. Then, by virtue of of the way in which pg, (1 and p are
calculated in lines 2, 3 and 4, we have sup(u) C ZZ Ry Y. We know from the loop invariant
at line 6 that & = (8¢, A Ye,) = Agy A Iy,. Using the definitions of Ay, and I7,, we get
= —-EIZf0 F(Z,Z" ... Y).Since sup(u) C 7y, VY by assumption and since {9+ 1 <

lo+1°
k < k + 1, the above implication simplifies to u = —EIZ’{F (Zk, ZZ 1 Y). Additionally,
71¢(Z»Zz R = u from the loop invariant at line 6. Once again, since sup(u) < ZZ_H UY, this
1

simplifies to nJ’(Z'éH .Y) = . Therefore, we get jTJ/(ZZ+1 ke —-EIZ’{F(Z", Zi,,,Y).Inother
words EIZ’fF(Zk, JTLZZH , mly) = 0. This contradicts the definition of xy (77|y) (= k).

The above argument shows that when control reaches the loophead at line 6 for the first
time, there is at least one £ € {2, ...k} such that z, € sup(u). Hence, either line 10 or line
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Algorithm 4: PHASE2

Input: F,c, (&, y;, ¥;) foralli € {1, ...n}
Output: Correct (updated) Skolem functions y; foralli € {1, ...n}
// Requires: For all ie{l,...n}, §;,y¥; are as obtained from Phase 1
// Requires: For all ie{l,...n}, Y; is either §; or —y;
Initialize Skolem functions as in Eqn (4);
while ey is satisfiable do
Let 7 be an assignment s.t. 7 |= ey // Use a SAT solver;
k < COMPUTEK (7, W);
while k£ # 0 do
// mwly is still a counterexample for ¥;
6 if 0 < k < c then
7 L MAXEXPAND(c, 81, ¥1);

(7 N R S

break; // Guaranteed to happen at most once;
9 GENERALIZEANDEXPAND(7, k, {&;, ¥i, ¥ | 1 <i <n});

10 EXPANDATK(7, k, {8;, i, ¥i | 1 <i <n}); // Also updates evidence in m;
1 k < COMPUTEK (7r, W¥);

12 return y; foralli € {1,...n};

18 is executed, resulting in updation of either §; or yy, for some ¢ € {2, ...ky(7|y)}. This
proves part (3) of the lemma. O

5.2.4 Combining three expansion-based algorithms

While each of the three expansion-based algorithms presented above can be used, either
repeatedly and/or with specific choices of parameters, to eliminate all counterexamples and
obtain a correct Skolem function vector, our experiments indicate that a hybrid of the three
algorithms outperforms any one of them individually. This hybrid algorithm, shown as Algo-
rithm 4, constitutes phase 2 of BFSS.

The algorithm is parametrized with ¢ € {1, ...n}, which is used for MAXEXPAND. In
practice, we use a small value of ¢, viz. 4, and maximally expand §; and y; foralli € {1, ...c}
if ky (7 | y) is small and happens to lie in {1, . . . c¢}. Note that an invocation of MAXEXPAND
is guaranteed to happen at most once. This is because once it is invoked, the Skolem functions
Y1, ... Y. are guaranteed to be correct, and hence «y (77 y) necessarily exceeds ¢ if 7 |y
is a counterexample. We use GENERALIZEANDEXPAND to first expand a set of §; and/or
y; using a generalization of 7 |y. Then we use EXPANDATK to ensure that the critical
index of the candidate Skolem function vector w.r.t. the current counterexample strictly
reduces regardless of the expansion(s) effected by GENERALIZEANDEXPAND. Recall that
an invocation of EXPANDATK also updates m, especially the evidence 7 |z. Sub-routine
CoMPUTEK is then invoked to determine the critical index of the updated ¥ with respect
to the current counterexample 7 | y. Once ky (7 ]y) becomes 0, we know that 7 |y is no
longer a counterexample, and can never surface again as a counterexample. The error formula
ey is then re-computed with the updated candidate Skolem function vector ¥, and the next
iteration of the outer loop in lines 2—11 started. If ey is unsatisfiable, we know by Theorem 3
that we have a correct Skolem function vector. Otherwise, a satisfying assignment 7 of ey is
obtained (line 3), the critical index updated (line 4) and the inner loop in lines 5-11 executed
again.
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Theorem 5 The following statements hold for Algorithm PHASE2.

1. It terminates when invoked with §;, y; and \; as generated by phase 1 of BFSS.
2. On termination, it produces a correct Skolem function vector.
3. The worst-case size of a Skolem function ; is in O(|F| . Z‘Y‘).

Proof To prove part (1), note that the only sub-routines in Algorithm PHASE2 that modify §;
and/or y; and, hence ¥/;, are MAXEXPAND, EXPANDATK and GENERALIZEANDEXPAND. All
of these are expansion-based algorithms. Therefore, by Corollary 2, once a counterexample
is eliminated by Algorithm PHASE2, it cannot be re-introduced.

Every iteration of the inner loop in lines 5—11 of Algorithm 4 either results in an invocation
of EXPANDATK or an invocation of MAXEXPAND. Since MAXEXPAND is invoked only when
1 <ky(mly) < c, it follows from Lemma 4 that the counterexample 7 |y is eliminated by
the invocation in one go. If, on the other hand, EXPANDATK is invoked, then by virtue of
Lemma 5(2), there is a strict reduction of k(77| y). Hence, after at most » iterations of the
inner loop, ky (77 | y) must become 0. By Proposition 4, the counterexample 7 |y is eliminated
in at most n iterations of the inner loop. The total number of iterations of the outer loop (lines
2-11) of Algorithm 4 is at most M, where M is the count of counterexamples (i.e. 7| y) for
the candidate Skolem function vector obtained from phase 1 of BFSS. Overall, Algorithm 4
terminates after O(M - n) steps, where each step may involve O(log, n) invocations of an
NP-oracle in sub-routine COMPUTEK.

To prove part (2), note that the outer loop in lines 3—11 terminates only when ey becomes
unsatisfiable. By virtue of Theorem 3, the Skolem function vector returned by Algorithm
PHASE?2 on termination is indeed correct.

To prove part (3), note that M alluded to above refers to the count of counterexamples for
the candidate Skolem function vector obtained from phase 1 of BFSS. Since this can be as
large as 2/Y!, the number of times each &; and/or y; can undergo expansion is at most 2!/

If the expansion happens in MAXEXPAND, it can result in a blow-up of candidate Skolem
function sizes by a factor of 2¢. In general, ¢ can be as large as |Y|. However, since MAXEX-
PAND can be invoked at most once in any run of Algorithm PHASE2, it contributes at most a
20UYD factor blow-up in sizes of candidate Skolem functions. In practice, we cap c at a small
value, viz. 4. Hence, the blow-up in sizes of candidate Skolem functions due to expansion
in MAXEXPAND is limited to a constant factor in practice. Every expansion in EXPANDATK
effectively adds a minterm corresponding to the counterexample |y to either §; or y;.
Hence, the increase in size of a candidate Skolem function due to an expansion effected by
EXPANDATK is in O(|Y]). If the expansion happens in GENERALIZEANDEXPAND, note from
the pseudocode in Algorithm 3 that either 1|;,—o or u|;,=1 is added to &, or y; respectively
(see lines 10 and 18 of Algorithm 3). Recall also that p is obtained as the conjunction of
o and w1, where o and @ are computed by function GENERALIZE. Our choice of GEN-
ERALIZE, discussed earlier, ensures that the sizes of wo and w; are in O(|F|). Therefore,
the potential increase in size of a candidate Skolem function due to a single invocation of
GENERALIZEANDEXPAND is in O(| F|).

Since O(]Y]) is subsumed by O(|F|), it follows from the above discussion that that the
size of §; and/or y;, and hence of 1;, when Algorithm PHASE2 terminates is in O( |F|- 2|Y‘).

O

As part of additional explorations, we also experimented with a variant of Algorithm
PHASE? that sampled multiple counterexamples from the set of satisfying assignments of ey
using a state-of-the-art almost uniform sampler [13]. The intent of using this variant was to
allow PHASE2 to benefit from choosing a “good” counterexample from a set of counterexam-
ples, instead of using the only one returned by a SAT solver in line 3. In this variant, we invoked
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MAXEXPAND with parameter c if any of the sampled counterexamples had «y (7]y) < c,
and invoked GENERALIZEANDEXPAND and REFINEATK with the counterexample that yielded
the maximum ¢, as computed in line 1 of GENERALIZEANDEXPAND. Extensive experiments
however failed to indicate any performance gains compared to Algorithm 4. Therefore, we
omit discussing this variant in this paper.

6 Experimental results

We have implemented Algorithm BFSS and done extensive experimentation to compare
its performance with that of several state-of-the-art Boolean functional synthesis tools. In
Sect. 6.1, we describe our experimental setup, the benchmark suites and the implementation
architecure. Next, in Sect. 6.2, we present our experimental results and analyze the per-
formance of BFSS. Finally, in Sect. 6.3, we compare the performance of BFSS with several
state-of-the-art tools.

6.1 Methodology

Our implementation consists of two parallel pipelines that accept the same input specification
but represent them in two different ways. The first pipeline takes the input formula as an AIG
and builds an NNF DAG (not necessarily in WDNNF)—we call this the AIG-NNF pipeline. The
second pipeline builds an ROBDD from the input AIG using dynamic variable reordering (no
restrictions on variable order), and then obtains a DNNF (and hence wDNNF) representation
from it using the linear-time algorithm described in [17]. We call this the BDD pipeline. Once
the DAG representation of F is built, we use Algorithm 1 on both the representations to
generate Skolem functions. In the case of the AIG-NNF pipeline, if phase 1 does not give the
correct Skolem functions, we use phase 2. In the case of the BDD pipeline, however, we know
from Theorem 4(2) that there is no need to invoke phase 2. For discussions in this section,
we call the ensemble of AIG-NNF and BDD pipelines BFSS. Note that they only differ in the
representation of the specification F(Z, Y).

Our implementation of BFSS uses the ABC [10] library with MiniSAT to represent and
manipulate Boolean functions. We compare BFSS with the following tools for Boolean
functional synthesis: (i) PARSYN [1], (ii) CADET [38], (iii) BAFSYN [14] and (iv)
ABSSYNSKOLEM (based on the BFnS step of ABSSYNTHE [11]).

We consider a total of 523 benchmarks, taken from four different domains:

(a) 48 Arithmetic benchmarks from [19], with varying bit-widths (viz. 32, 64, 128, 256, 512
and 1024) of arithmetic operators,

(b) 68 Disjunctive Decomposition benchmarks from [1], generated by considering some of
the larger HWMCC10 benchmarks,

(c) 5 Factorization benchmarks, also from [1], representing factorization of numbers of
different bit-widths (8, 10, 12, 14, 16), and

(d) 402 QOBFEval benchmarks, taken from the Prenex 2QBF track of QBFEval 2018 [36].

Since different tools accept benchmarks in different formats, each benchmark was converted
to both gdimacs and Verilog/Aiger formats. All benchmarks and the procedure by
which we generated (and converted) them are detailed in [3]. We use “balance; rewrite -1;
refactor -1; balance; rewrite -1; rewrite -1z; balance; refactor -1z; rewrite -1z; balance” as the
ABC script for optimizing the AIG representation of the input specification.
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For each benchmark, the order < (ref. step 11 of Algorithm 1) in which Skolem functions
are generated is such that if z; occurs in the transitive fan-in of fewer nodes in the AIG
representation of F'(Z, Y) than z;, thenz; < z;. This order is used for both BESS and PARSYN.
Note that this is unrelated to the dynamic variable order used to construct an ROBDD of the
input specification in the BDD pipeline.

All experiments were performed on a message-passing cluster, with 20 cores and 64 GB
memory per node, each core being a 2.2 GHz Intel Xeon processor. The operating system
was Cent OS 6.5. Twenty cores were assigned to each run of PARSYN, which benefits from
using parallel execution. For each of BAFSYN, CADET, ABSSYNSKOLEM and for each of the
two pipelines of BFSS, a single core was used, since these tools don’t exploit parallelism. The
maximum time given for execution of any run was 3600 seconds. The total amount of main
memory for any run was restricted to 16GB. The metric used to compare the algorithms was
time taken to synthesize Boolean functions and the size of the synthesized functions. The time
reported for BFSS is the better of the two times obtained from the two pipelines described
above, which only differ in the representation of the input.

6.2 BFSS performance and a comparison of its two pipelines

We present the results of BFSS in Table 1. Aggregating over the two pipelines mentioned
above, BFSS solved 319 benchmarks out of 523. Table 1 also gives the relative performance
of the two pipelines at a glance. We now discuss the performance of each of the pipelines in
detail.
The AIG-NNF pipeline Table 2 gives the performance summary of the AIG-NNF pipeline. Of
the 402 benchmarks in QBFEVAL, the AIG-NNF pipeline solved 181 benchmarks, of which
118 were solved in phase 1. On 14 benchmarks, phase 1 did not terminate in the specified
resource contraints. Hence, phase 2 was commenced on the remaining 270 benchmarks,
of which 63 benchmarks were solved within the specified resource constraints. Of the 118
solved in phase 1, 63 were found to have all output variables unate. Of these, 11 benchmarks
had only syntactically detectable unate outputs (i.e. unateness detected by identifying pure
literals) and 12 had only semantically detectable unate outputs (i.e. required a satisfiability
check of n;r and/or n;", given by Egs. (1) and (2)). For the DISIDECOMPOSITION benchmark
suite, 20 benchmarks were found to contain only unate outputs, of which 19 benchmarks
contained semantically detectable unate outputs. The ARITHMETIC and the FACTORIZATION
benchmark suite did not have any instance with unate output variables.

We found that benchmarks that contained only unate (syntactically and/or seman-
tically detected) output variables were restricted to certain families in the QBFEVAL

Table 1 BFss: performance at a glance

Benchmark domain Total benchmarks Solved by AlG- Solved by BDD Total solved by
NNF pipeline pipeline BFSS
QBFEval 402 181 159 201
Arithmetic 48 36 36 45
Disjunctive 68 68 59 68
decomposition
Factorization 5 4 5 5
Total 523 289 256 319
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Table 2 BFSs: performance Summary for AIG-NNF pipeline

Benchmark Total # Benchmarks Solved by Phase 2 Solved by  Avg % of unate

domain benchmarks solved phase 1 started phase 2 output vars

QBFEval 402 181 118 270 63 38.2

Arithmetic 48 36 36 12 0 0

Disjunctive 68 68 68 0 0 64.13
decomposition

Factorization 5 4 0 5 4 0

and DISJDECOMPOSITION suites. For the QBFEVAL suite, these included AR-fixpoint,
cache-coherence, ethernet-fixpoint, itc-b13-fixpoint, pi-bus-fixpoint, small-seq-fixpoint,
small-synabs-fixpoint and some of the stmt and usb-phy-fixpoint families. Similarly, in
DISIDECOMPOSITION, the bobsmhdlc, bobsynthneg and neclaftp family of benchmarks
contained only unate output variables.

We observed that the number of unate output variables detected semantically was higher
than those detected syntactically, justifying the need for the semantic unate checks. On
average, 38.2% of the output variables in the QBFEVAL benchmark suite were found to
be unate. Of these, on average 15.5% were detected syntactically and 22.7% were detected
semantically. Similarly, for DISIDECOMPOSITION, 64.13% of the output variables were unate,
of which 0.61% were detected syntactically and 63.51% were detected semantically.

Finally, we examined the count of counterexamples required by the AIG-NNF pipeline for
the 63 benchmarks in QBFEVAL that were solved by phase 2 of BFSS. For most of these
benchmarks, this count was less than 5. However, about 6 benchmarks required expansion
based on > 30 counterexamples, the maximum count being 138.

The BDD pipeline The BDD pipeline solved a total of 256 benchmarks across all four domains
(see Table 1). Note that if this pipeline solves abenchmark, it does so by constructing a wDNNF
representation from the BDD representation. Hence all the 256 benchmarks solved by the
BDD pipeline are in wDNNF by construction. In constrast, we found only 83 of the solved
benchmarks in the AIG-NNF pipeline to be in wWDNNF. However, note that 222 benchmarks
were solved in phase 1 using the AIG-NNF pipeline. This is attributable to specifications
satisfying the condition of Theorem 2(a) (while not being in wDNNF). A more detailed
study of the representation related issues and analysis has been done recently in [2].
Comparison of the pipelines We now compare the time taken and the size of the Skolem
functions generated by the two pipelines. For clarity, since the number of benchmarks in the
QBFEval suite is considerably greater, we plot the QBFEval benchmarks separately. Figure 1
shows the results for the time taken by the two pipelines on the QBFEVAL, ARITHMETIC,
DISIDECOMPOSITION and FACTORIZATION suite of benchmarks. As can be seen from Fig. 1,
there are some benchmarks which are solved by only one of the pipelines. But for most of
the QBFEVAL, ARITHMETIC and DISTDECOMPOSITION benchmarks which are solved by both
pipelines, the AIG-NNF pipeline takes less time than the BDD pipeline. For the FACTORIZATION
benchmark suite, the BDD pipeline takes less time.

We next compare the sizes of the Skolem functions generated by the two pipelines. Figure 2
shows a comparison of the average sizes of Skolem functions for QBFEVAL and ARITHMETIC,
DISIDECOMPOSITION and FACTORIZATION benchmarks. For every benchmark, the average
is calculated over all components of the entire Skolem function vector generated by the
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Fig. 1 BFSS: AIG-NNF versus BDD: Time Taken to synthesize Skolem Functions. Legend: Q: QBFEVAL,
A: ARITHMETIC, F: FACTORIZATION, D: DISIDECOMPOSITION. TO: benchmarks for which the corresponding
algorithm was unsuccessful
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algorithm. We observe that for most of the benchmarks that are solved by both the pipelines,
the sizes of Skolem Functions generated by the AIG-NNF pipeline are comparable or smaller.

In other words, the AIG-NNF pipeline, in most instances, not only takes less time than the
BDD pipeline, it also generates smaller Skolem functions. However, there are instances that
are solved exclusively by either the AIG-NNF pipeline or the BDD pipeline; hence we retain
both pipelines in our tool.

6.3 Comparison of BFsS with other tools
In this section, we compare the performance of BFSS with other state-of-the-art tools. Table 3

gives the comparative performance at a glance, in terms of the number of benchmarks solved
by the various tools.
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Table 3 Number of benchmarks solved by each tool

Benchmark Total Solved by Solved by Solved by Solved by Solved by
domain benchmarks BFSS CADET PARSYN ABSSYNSKOLEM BAFSYN
QBFEval 402 201 213 118 151 11
Arithmetic 48 45 28 15 32 0
Disjunctive 68 68 9 64 29 0
decomposition
Factorization 5 5 4 3 5 0
Total 523 319 254 200 217 11
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Fig.3 BFSS versus CADET: Time Taken to synthesize Skolem Functions. Legend: Please see Fig. 1

BFSS vs CADET:

Of the 523 benchmarks, CADET was successful on 254 benchmarks, of which 9 belonged
to DISTDECOMPOSITION, 28 to ARITHMETIC, 4 to FACTORIZATION and 213 to QBFEVAL.
Figure 3a gives the performance of the two algorithms with respect to time on the QBFEVAL
suite. Here, CADET solved 26 benchmarks that BFSS could not solve, whereas BESS solved
14 benchmarks that could not be solved by CADET. Figure 3b gives the performance
of the two algorithms with respect to time on the ARITHMETIC, FACTORIZATION and
DISIDECOMPOSITION benchmarks. From the figure, we can see that while CADET solves
more benchmarks in the QBFEVAL suite of benchmarks, BESS solves more benchmarks than
CADET in ARITHMETIC, DISTDECOMPOSITION and FACTORIZATION. In fact, in these cate-
gories, there were a total of 77 benchmarks that BFSS solved that CADET could not solve.
Futhermore there was no benchmark in these suites that CADET could solve but BESS could
not. While CADET takes less time on some ARITHMETIC and QBFEVAL benchmarks, BFSS
takes less time on DISTDECOMPOSITION and most FACTORIZATION benchmarks. Interestingly,
most of the QBFEVAL benchmarks for which CADET takes less time, are solved in less than
a minute by both CADET and BFSS.

We next compare the maximum sizes of the Skolem functions generated by CADET and
BFsS in Fig. 4. Note that CADET requires the input specification to be in QDIMACS format,
whereas BFSS works with a DAG representation of the input. We compare the maximum
sizes of the generated Skolem functions, since a specification given in QDIMACS format
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typically contains many output variables introduced due to Tseitin encoding of a non-CNF
specification. Since the size of Skolem functions of Tseitin variables are usually small, this
skews the average size of the Skolem functions generated, when comparing a tool that works
with a QDIMACS representation of the specification (viz. CADET) with one that works
with a DAG representation of the specification (viz. BFSS). Here, we find that for many of
the QBFEVAL and DISIDECOMPOSITION benchmarks, the maximum sizes of the Skolem
functions generated by BFSS are indeed smaller than those generated by CADET. On many of
the ARITHMETIC and FACTORIZATION benchmarks, however, the sizes are comparable. There
are, of course, cases where the sizes of Skolem functions generated by CADET are smaller
than those generated by BFSS.

BFSS vs PARSYN:

Figure 5 shows the comparison of time taken by BFSS and PARSYN. PARSYN was successful
on a total of 200 benchmarks, with 118 in QBFEVAL, 64 in DISTDECOMPOSITION, 15 in
ARITHMETIC and 3 in FACTORIZATION. Across all domains, BESS solved 119 benchmarks
that PARSYN could not solve. From Fig. 5, we can see that on every benchmark across
all domains, BFSS takes less time than PARSYN. We next compare the average sizes of the
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Skolem functions generated by the two algorithms in Fig. 6. Here too, we observe that for
most benchmarks, the sizes of the Skolem functions generated by BFSS are smaller than those
generated by PARSYN.

BFSS vs BAFSYN: We next compare the performance of BFSS with BAFSYN. BAFSYN was
successful only on 11 benchmarks in QBFEVAL and could not solve any benchmark in the
DISIDECOMPOSITION, ARITHMETIC and FACTORIZATION suites. However, BFSS was unable
to solve the 11 benchmarks that BAFSYN solved. Similarly, none of 319 benchmarks solved
by BFSS were solved by BAFSYN.

BFSS vs ABSSYNSKOLEM: ABSSYNSKOLEM was successful on 217 benchmarks, with 151 in
QBFEVAL, 29 in DISTDECOMPOSITION, 32 in ARITHMETIC and 5 in FACTORIZATION suites. It
could solve 19 benchmarks in QBFEVAL that BESS could not solve. In contrast, BFSS solved
69 benchmarks in QBFEVAL, 39 in DISIDECOMPOSITION and 13 in ARITHMETIC—a total of
121 benchmarks—that ABSSYNSKOLEM could not solve. Figure 7 shows a comparison of
running times of BFSS and ABSSYNSKOLEM. From the Figure we can see that BFSS takes less
time than ABSSYNSKOLEM on most of the QBFEVAL, DISTDECOMPOSITION and ARITHMETIC
benchmarks. ABSSYNSKOLEM, however, takes less time on the FACTORIZATION benchmarks.
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‘We next compare the average sizes of the Skolem functions generated by ABSSYNSKOLEM
and BFSS in Fig. 8. For QBFEVAL and DISIDECOMPOSITION, we found that the average size of
Skolem Functions generated by ABSSYNSKOLEM for most benchmarks was very small, and
often close to 1. For many ARITHMETIC and FACTORIZATION benchmarks, the sizes generated
by ABSSYNSKOLEM were smaller than those generated by BFSS.

summary, BFSS (both pipelines considered together) outperforms all tools in the number
of benchmarks that it could solve across all domains. In many instances, it takes less time
and can solve instances that other tools have been unable to solve.

7 Conclusion

In this paper, we showed complexity-theoretic hardness results for the Boolean functional
synthesis problem. We then developed a two-phase approach to solve this problem, where
the first phase is an efficient algorithm that generates poly-sized functions and succeeds in
solving a large number of benchmarks. For the remaining benchmarks, we employed the
second phase of the algorithm that uses a expansion-based approach and builds Skolem
functions by exploiting recent advances in SAT solvers. Extensive experiments show that our
algorithm performs favourably over state-of-the-art tools when solving a large collection of
benchmarks.
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