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Abstract

Deductive techniques are presented for deriving programs systematically from given
specifications. The specifications express the purpose of the desired program without giving
any hint of the algorithm to be employed. The basic approach Is to transform the
specifications repeatedly according to certain rules, until a satisfactory program is produced.
The rules are guided by a number of strategic controls. These techniques have been
incorporated in a running program-synthesis system, called DEDALUS.

Many of the transformation rules represent knowledge about the program’s subject domain
(e.g., numbers , lists, sets); some represent the meaning of the constructs of the specification
language and the target programming language; and a few rules represent basic programming
principles. Two of these principles, the conditional—formation rule and the recursion—formation
rule , account for the introduction of conditional expressions and of recursive calls Into the
synthesized program. The termination of the program is ensured as new recursive calls are
formed.

Two extensions of the recursion-formation rule are discussed: a ~roceduro—formatIon rule,
which admits the introduction of auxilliary subroutines in the course of the synthesis process.
and a generali zation rule, which causes the specifications to be altered to represent a more
general problem that is nevertheless easier to solve. Special techniques are Introduced for the
formation of programs with side effects.

The techniques of this paper are illustrated with a sequence of ex amples of Increasing
complexity; programs are constructed for list processing, numerical cakulatlon, and array
computation.

The methods of program synthesis can be applied to various aspects of programming
methodology —— program transformation, data abstraction, program modification, and structured
programming.

The DEDA LUS system accepts specifications expressed in a high-level language, including
set notation, logical quantification, and a rich vocabulary drawn from a var iety of subject
domains. The system attempts to transform the specifications into a recursive, LISP—like target
program. Over one hundred rules have been implemented, each expressed as a small program
in the ~ LISP language.
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Introduction 1

INTRODUCTION

In recent years there has been increasing activity in the field of program verification. The
goal of these efforts is to construct computer systems for determining whether a given program
is correct, in the sense of satisfying given specifications. These attempts have met with
increasing success; while automatic proofs of the correctness of large programs may be a long
way off, at seems evident that the techniques being developed will be useful in practice, to find
the bugs In faulty programs and to give us confidence in correct ones.

The general scenario of the verification system is that a programmer will present his
completed computer program, along with Its specifications and associated documentation, to a
system which will then prove or disprove Its correctness. It has been pointed out, most notably
by the advocates of structured programming. that this is “putting the cart before the horse.”
Once we have techniques for proving program correctness, why should we wait to apply them
until after the program is complete? Instead, why not ensure the correctness of the program
while it is being constructed, thereby developing the program and its correctness proof hand in
hand ’?

The point is particularly well—taken when we consider that program verification relies on
automatic theorem-proving techniques. These techniques embody principles of deductive
reasoning, the same principles that are applied by a programmer in constructing the program in
the first place. Why not employ these principles in an automatic synthesIs s,stesi , which would
construct the program instead of merely proving Its correctness? Granted, to construct a
program requires more originality and creativeness than to prove its correctness, but both tasks
require the same kind of thinking.

Structured programming itself made an early contribution to the automatic synthesis of
computer programs in laying down principles for the development of programs from their
specifications. These principles are intended to serve as guidelines to be followed by a human
programmer. However, they are not formulated precisely enough to be carried out by a
machine. Indeed, the proponents of structured programming have been most pessimistic about
the possibility of ever automating their techniques; Dij kstra has gone so far as to say that we
shouldn’t automate programming even if we can, because we would take away all our
enjoyment of the task.

Programming is a challenging task, and Its automation Is a part of artificial I ntefligence. A
system to construct computer programs must have a broad range of knowledge about
programming languages, programming techniques, and the subject domain of the program to
be constructed. Furthermore, It must have the ability to retrieve the relevant components of its
knowledge and to combine them to perform the task at hand. Programming is among the most
demanding human activities, and is among the last tasks computers will do well. Nevertheless,
the intrinsic interest and pract ical importance of the prog ramming task have motivated many
researchers to consider the possibility of automating It.

_ _ 
-~~



2 Introduction

Several years ago, we began our research on automatic program synthesis by considering a
large number of simple programming tasks . In examining the derivations of programs to
achieve these tasks, we observed certain regularities, steps that are performed over and over
again in a variety of subject domains, and that therefore can be regarded as representing basic
programming principles. We have specified these principles precisely, and have applied them
to the construction of less trivial programs.

In this paper, we present some of the basic principles to be incorporated into an automatic
program-synthesis system. Such a system accepts specifications that express the purpose of the
program to be constructed, without giving any hint of the algorithm to be employed. With no
further human intervention, the system attempts to transform these specifications into a
program that achieves the expressed purpose. This program Is guaranteed to be correct and
will always terminate; for the most part, we will not be ccrncerned with its efficiency.

The specifications are expressed in a specification language rich with constructs from the
subject domain of the application. Because the specification language does not need to be
executed , it can afford high—level constructs close to our way of thinking about the subject.
Specifications represented in such a language are likely to be easy to formulate and to
correspond correctly to our intentions. - The details of the particular target language--the
language in which the program is to be constructed--are not important. In our examples, we

employ a simple LISP-like language.

Our basic approach is to transform the specifications repeatedly according to certain
tr ansformalion rules . Guided by a number of strategic controls, these rules attempt to produce
an equivalent description composed entirely of constructs from the target language. Many of
the transformation rules represent knowledge about the program’s subject domain; some
explicate the constructs of the specification and target languages; and a few rules represent basic
programming principles.

Some of these techniques have been incorporated into an experimental program—synthesis
system called DEDALUS (the DEDuctive A Lgorithm Ur-Synthesizer). The purpose of this
system Is not to be applied in practice but rather to test our program—synthesis Ideas. Most of
the exam ples included In this paper have been carried out by the DEDALUS system.
However , the emphasis of the paper is not on the details of the DEDA LUS Implementation ,
but on the basic programming principles it incorporates, which can be applied in any system.

in the past few years , there have appeared several varieties of programming methodology,
e.g., structured programming, program transformation, and data abstraction. These disciplines
recommend systematic approaches to program construction for making the programming process
simpler and more reliable. The techniques of program synthesis serve to facilitate the
application of each of these disc iplines. in this way, program—synthesis research can be of
value long before its ultimate goal is achieved.
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In this paper, we present the basic concepts and principles of. program synthesis, we extend
these methods to allow the synthesis of programs with side effects, and we apply these
techniques to various aspects of programming methodology. Historical remarks, comparisons
with other approaches to automatic programmIng, and notes on the DEDALUS Implementation
are reserved for a final section.

r

- - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~ -~~~-~~ - -_ _ _ _ _ _



4 Conc epts

1. CONCEPTS

A. Specifications

The first requirement of a specification language is that it should allow us to express the
purpose of the desired program directly. In other words, once we have formed a precise idea of
what the program is intended to do, we should be able to formulate the specifications
immediately, without paraphrase. Furthermore, It should be easy for the programmer and
other people to read and understand the specifications and to see that they are correct.

For this reason, it is necessary that the specification language contain very high—level
constructs , which correspond to the concepts we use in thinking about the problem and which
are endemic to the subject domain of the target program. Such constructs are typically not
included in a conventional programming language, because it may be impossible to find a
uniform way of computing them or because they may not be amenable to efficient
implementation.

Because a specification language should have a large number of constructs, and because
these constructs are particular to the subject domain, we do not attempt to define a complete
specificatio’~ language. instead, we present the specifications of some of the programs we will
use as examp les later In this paper, to illustrate some of the most useful constructs.

Suppose we want to construct a program. called lessall , to test whether a given number x is
less than every member of a given list I of numbers, and to output true or false accordingly.
This program can be described as

lessall(x 1) < — —  compute x < alI (1)
where x is a number and

1 is a list of numbers .

Here, the expression x < all(l) denotes the condition that x is less than every member of the list
1; its value is true or false depending on whether or not the condItion holds. The expression
comput • , . . Is the output specificatIon; it provides a description of the output the target
program is intended to produce. The expression w here . . . Is the Input specification; it gives
the conditions the inputs r and I can be expected to satisfy.

To specify a program maxllst to compute the largest element of a given list I , we write

maxlis t(l) c —— comput. some z : z 1 and z a aU(I)
where I is a nonempty list of numbers.

Here, the construct some a i P(z)” denotes any element a satisfying the conditIon P(z), and is i v
means that is is a member of the list (or set) v.
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Another example: the greatest common divisor (gcd) of two nonnegative integers is the
largest integer that divides both of them. To specify a program to compute the gcd of x and y.we write

gcd(x y) c-= compute max{z : 4x and z~}
where x and y are nonnegative integers and

x a 0 or, • 0

Here, max S is the largest element of the set S. The input condition x a 0 or, a 0 is Included
because if both x and y are zero, then any integer divides each of them, and the set of all their
common divisors is infinite and has no largest element.

The Cartesian product cart of two sets s and I is the set of all pairs whose first element
belongs to s and whose second element belongs to t; a program to compute it Is specified by

cart (s I) c.— com pute { (x y): x s s and y c I
where s and t are finite sets.

Here. (x y) denotes the pair whose elements are x and y

B. The Target Language

The techniques we employ in this paper are not dependent on the particular choice of a
target language , the language in which the desired program Is to be expressed. However , for
the sake of definiteness, we will represent the target programs in this paper In a fixed, LISP—
like language, which should be readily understandable .

For numbers, the target language includes such familiar operations as x + y, x — y, x
etc. For lists, we assume that the target language contains the usual LISP primitives:

head(1) : the first element of the nonempty list I

taiI(1) : the list of all but the first element of the nonempty list I

cons(x I ) :  the list formed by inserting the element r at the beginning of the list 1.

Furthermore, we include the common conditional express ion:

if P then x else,: x if P is true,
y if P is false.
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Finally, we employ recurs ion; for example, a program flu) may be defined in terms of a recursive
call f(tail( 1)) .

Of course , we can use an; ‘,f the target-language constructs in formulating the specifications.
Thus, the target-language may be considered to be a subset of the specification language.

A segment of a program description that consists entirely of target—language constructs will
be called a p r im i t ive segment.

At times we will choose to add new primitives to the target language. Thus, if we want to
wr ite a program in a new subjec t domain, we will add the primitives appropriate to that
domain, if we want to express a program in terms of some given set of procedures, we will
treat t hose procedures as primitives. In the section on side effects (Section 4), we will include
constructs such as assignment statements and arrays in the target language.

By the same token, for certain tasks we may choose to delete p rimitives from the target
language. For instance, to construct a more efficient program we may delete certain time—
consuming primitives. The DEDALUS system allows the user to add or delete Constructs from
its primitive set for a particular task.

C. Transformation Rules

Our basic approach to program synthesis is to employ a large number of transformation
rules , which replace one segment of a program description by another, equivalent description.
The task of program synthesis is then reduced to applying these rules to the given specification
repeatedly until a primitive program is produced.

Some transformation rules express the principles of the underlying semantic domain (e.g.. the
properties of the integers or list structures). Other rules express the meaning of the constructs
in the specification and the target languages (e.g., (is : P(u)} in the specification language and
head(1) in the target language). Still others represent a formulation of basic programming
techniques. which do not depend on a partIcular subject domain (e.g., the introduction of
conditional expressions and recursion).

We use the notation

to denote a transformation rule that an expression of form I may be replaced by the
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corres ponding expression I’. The transformation may be app li.’ : 0 anp sub. .re~.sion r,t the
curr ent program description. It is not to be applied in the rever ie dir~ .~on unless another rule
of form I’ — >  ( is  given exp licitly.

For examp le, the rule

true and Q.> Q
means that any expression of form (rue and Q may be rep laced by Q. By applying this rule, we

may rep lace a program descripuon

max {z : true and zly }

by the descri ption

max {z :

A rule

t = > t ’ ifP

denotes that the transformation I -> (‘can be applied only if the condition P is true. Thus the
rule

ulv — >  true if u is an integer and v — 0

denotes that a program segment ulu can be replaced by true if u is known to be an integer and
v to be zero whenever the segment is executed . Thus, this rule can be applied to transform a
program description

if y - 0
I / l en X~y
else

into

if y - 0
then true
e l s e . . . ,

wherr x is known to be an integer.

Often , more than one rule can be applied to the same program description or even to the
same segment. For example, the logical rule

_ 
_ _  _
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P and a -> Q and P ’

and the numerical rule

u tv and ulw ->  ulv and ufru—v if is , v , and w are integers

can both be applied to the program description

,nax{z : Z~x and zly} .

In such cases it must be decided which rule is best to apply. This difficult problem must be
faced in any transformat ion—rule system. We prefer to postpone such considerations until after
we have presented some concrete examples. (See Section 2D on Strategic Controls. )

D. Derivation Trees

In applying a transformation rule to a given program description, we obtain a new program
descri ption, which we regard as a subgoal of the first. To this subgoal we apply additional
transformation rules repeatedly, until a primitive program description Is obtained. This
description is the desired program.

The top-level goal is obtained directly from the program’s specifications. Thus, if the
program! is specified by

fix) <.- compute P(x)
where Q(x) ,

the top-level goal will be

Goal: com pute P(x) .

(Here, Q(x) is a condition but P(x) may be any expression in the specification language.) For
example , in deriving the gcd program, we are given the specifications

gcd(x y) < --  compute max{z : zix and z&)
where x and y are nonnegative integers a~4

X a 0 ory a 0 .

‘ Actually, the DEDALUS system does not use this rule explicitlyi the same
effect is achieved by • differe& ‘n.chanism. S.. lmpl.ment.tion,’
Section 68.

__  _  
~~~~~~~~~~~~~~~~~~~~~~~~
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Our top-level goal is thus

Goal 1: com pute ntax{z : z~x and zip) .

By applying the transformation rule

P and Q-> Q and P ,

we obtain

Goal 2: com pute max { z : z~ and zix) .

If a transformation rule imposes a condition P . which must be true if the rule is to be
applied, a subgoal of the form

Goal’ prove P

must be achieved before the rule can be applied. For example, in developing the program
lessall(x 1) to test if a number is less than every element of a list of numbers, we begin with the
top-level goal

Goal 1: com pute x < all (l) .

In attempting to apply the rule

P(a ll (l)) — >  true if I is the empty list,

which states that any property P holds for every element of the empty list, we generate the
subgoal

Goal 2: prove 1 is the empty list .

To accomplish such a task , we must apply transformation rules repeatedly to the expression to
b~ proved , until the ex pression true is produced. If, instead, false is produced. or if we

encounter a situation in whic h no rule can be applied, the goal of proving P Is aborted, and
rh~ attem pt to use the rule that imposed P as a condition is abandoned.

If no rule applies to a given subgoal, backtracking occurs; we seek alternate rules to apply to
,revious subgoals. Backtracking will be discussed further in the section on “Strategic Controls”
(Section 2D).

By the process we have just o~tlined, a tree of goals and subgoals is generated. We will call
this structur e a program derivation tree.

- — . - -

~~~~ ~~~~~~~~~~~~~~~~~~
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2. ELEMENTARY PROGRAMMING PRINCIPLES

A. The Formation of Conditiona l Expressions

To illustrate the formation of conditional expressions and recursive calls, we ex ploit a single
simple examp le. The program to be constructed, Iessa ll(x I), Is intended to test whether a given
number x is less than ever y member &f a given list I of numbers, and to output true or false
accordingly. The specifications, as indicated in Section IA , can be expressed as

lessall (x I) <— — com pute r < atl (l)
where x is a number and

u s  a list of numbers

Note that the output description uses the all specification construct, which Is not primitive;
therefore, we attempt to apply transformation rules to paraphrase the output description using
only primitive constructs of the target language.

We assume we have at our disposal two rules that explicate the all construct:

• The vacuous rule

P(all (l)) — > true if 1 is the empty list

says that any property is true of every element of the empty list.

• The decomposit ion rule

P(all (I)) .> P(head (l)) and P(at l(:ail(l))) if 1 is a nonempty list

states that a property holds for every element of a nonempty list if it holds for the first element
and for all the rest.

Our top—level goal is formed directly from the program’s specifications:

Goal 1: compute r .c alI(I) .

In this discussion we will not consider how to select the rule to be applied; we will assume for
the time being that the appropriate rule magically appears when it is relevant.

One transformation rule that applies to the current output description Is the vacuous rule,

P(all (I)) — >  (rue if I is the empty list
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Thi’~ rule would allow us to reduce our output description to true It only we could achieve the
subgoal

Goal 2: prove 1 is the empty list

01 course , we c~nnor prove or disprove this condition: 1 is an input that is known to be a
list , but that may or may not be empty. This is an occasion for applying the conditional—
frn’nari ’n rul,.

Conditional ex pressions are introduced into programs as a result of
hypothetical reasoning during the program-formation process. If we fail to
prove or disprove a subgoal of the form

prove P

the conditiona l —formation rule allows us to introduce a case anal ysis and
consider separately the case in which P is true and P ii false. Suppose we
succeed in constructin g a program segment s~ that solves our problem under
the assumption that P is true, and another segment s~ that solves the
problem under the assumption that P is false. Then we combine the two
segments into a conditional ex pression

if P then S i else 
~2

which solves the problem regardless of whether P is true or false. Note that
to ensure that this ex pression is primitive, we apply the conditional—
formation rule only when P itself is a primitive logical statement.

L~r us return to our example. Having failed to prove Goal 2, that lis empty, we attempt to
ronst ruct a program segment that will solve our problem under the assumption that I is empty.

Case I is empty: In this case , we are justified in applying the vacuous rule

P(aII (l)) — >  (r ue f f 1  is the empty list,

to Goal I, compute x < alI(I), yielding the primitive program segment true. This segment
solves our problem in this case.

We have yet to consider the case in which u s  nonempty. This requires the formation of a
r,curs ,ve call , w hich will be discussed in the next section. However, at this point, we know that
the program will have the form

_________________ — .~~~_ _ . _ .t_ — • — ‘. ... -.. ‘ - - S..,,..,—..—.- •
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lenall(r 1) <—— if etnp:y (l)
Men true
else .

Case analysis in theorem proving has been emphasized by Bledsoe and
Tyson (1977). Other program-synthesis systems that form conditional
expressions by case analysis have been implemented by Luckh•m and
Buchanan (1974) and Warren (19761

B. The Formation of Recursive Calls

We illustrate the formation of recursive calls by continuing the construction of the lessall
program. Recall that it remains to consider the case in which I Is a nonempty list,

Case u s  nonempty: In this case we fail to achieve Goal 2, to prove that I Is empty, and
therefore we look for some alternate means for approaching Coal I, compute r < all (l).

Another rule that applies to Goal I is the all decomposition rule

P(all (l)) — > P(head(l)) and P(alI(taLl(l)) if I is a nonempty list

This rule imposes the condition

Goal 3: prove 1 is a nonempty list,

which is satisfied immediately because we have assumed in our case analysis that u s  nonem pty .
The rule, therefore , transforms Goal I into

Goal 4: compute x c head(l) and x ‘c all(tai I(l)) .

To compute t he truth value of r c head(l) is simple, because x and I are inputs, and head Is
a prim itive construct. It remains, therefore, to achieve

Goal 6: comput. x c aII(taii(I)) .

Note that this subgoal ii an instance of our original Goal I, to compute r c .11(1), with inputs r
and I replaced by r and taII(O. This Ii an opportunity for applying the r.cursW*—fcrasatlon
rule.
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In general, sup pose we are to develo p a program whose specifications are
of form

f ix) <.. compute P(x)
w here Q(x) ,

in which Q(x) is a condUion but P(x) may be any expression In the
specification language. A ssume we encounter a subgoal

compute P(t)

that Is an instance of the output specification compute P(x). Then we can
attempt to achieve this subgoal by forming a recursive cafl fit), because the
program fix) is intended to compute P(x) for any x that satisfIes Q(x). To
ensure that the introduction of this recursive call is legitimate, we must
verif y two conditions:

• The Input condition , Q(t), which establishes that the argument t of the
recursive call fi t) satisfies the required input condition of the desired
program; otherwise, the program f Is not guaranteed to yield the expected
output.

• A terminat ion condition , which ensures that the recursive call cannot
cause an infinite computation. A recursive call can fall to terminate if Its
ex ecution leads to another recursive call, which leads to another, and so on
indefinitely.

The termination condition is expressed in terms of the “well—founded
set” concept, which will be explained in a later section devoted exc lusively
to termination. in the meantime, we will appeal to Intuitive arguments to
estab lish termination.

Note that to ensure that the recursive call fit) be primitive, we apply the
recursion-formation rule only when the argument C itself Is primitive.

Let us return to our example. The recursion-formation rule observes that Goal 5, to
compute x c all(tail(I)), is an instance of our output specification, x aIl(I), with Inputs x and I
replaced by x arid tall (I) , therefore it proposes that we achieve this goal with a recursive caU
Iessall(x taiI(l)) , For this purpose. the rule Imposes two conditions, the input condition

Goal 6: prove taiI(l) is a list,

and the termination condition

_ _ _ _  - - - --  - - -~~~-—--——-.
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Goal 7: prove Iessall(x taU(I)) terminates.

The input condition that taU(I) is a list can be proved directly by Invoking a transformation

tajj (l) is a list — >  true if ! is a list

a basic rule describing list structures. To achieve the termination condition is also
straightforward, because the argument taU(1) of the recursive call is a proper sublist of the
input 1; therefore only a finite number of recursive calls can occur before the second argument
is reduced to the empty list. Consequently, we are permitted to introduce a recursive call
lessall (x tail(1)) at this point. This satisfies Goal fr, Goal 4 is then satisfied by the program
segment x < head(1) and lessali(x taU(1)). This segment is composed entirely of primitive
constructs of our target language.

We have succeed ed in finding primitive program segments that solve our problem in both
cases, whether I is empty or not. Therefore the conditional-formation rule combines the two
program segments into a conditional expression . The final program is

lessall(x I) < —.  if empty (l)
then true
else x head(l) and IessalJ (x tail(l))

The above technique causes the formation of a recursive program. If we are working in a
target language that does not admit recursion, it Is necessary to transform the program further ,
to replace the recursion by another repetitive construct. In many cases, a recursive program can
be transformed into an iterative program of com parable complexity. In the worst case , we can
always rep lace a recursive procedure with an Iterative equivalent by the expl icit Introduction of
a stack.

The above recursion-formation rule is the same as the “folding” rule of the
Burstall and Darlington [1977) system for the transformation of recursive
programs. Their system does not check the input and termination conditions.

C. Termination

In the preceding example we relied on Intuit ive arguments to establish the termination of
the program we constructed. In fact , for that example. the termination argument was quIte
strai ghtforward . In this section, we will consider a general mechanism for proving the
termination of a recursive program at the same time as it is being constructed. We will
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illustrate this mechanism with an example for which the termination proof is somewhat more
subtle.

The program we construct is intended to compute the greatest common divisor, gcd(x y), of
two nonn egative Integers x and,. The specifications, as indicated in Section IA, are expressed
as

gcd( x y) <.- compute max(z : z~r and z~)
where x and , are nonnegative integers and

x - 0 or, - 0.

Recall that the input condition x ~ 0 or, - 0 is Imposed because the gcd is not defined when
both its arguments are zero.

The output specification is exp ressed in terms of the set constructor (u : P(u)}, which is not

primitive. We therefore attempt to transform It into an equivalent primitive description.

We assume that the fol lowing rules about the integers are Included among the
transformations of our system:

uj v.> true i fv .O

(every integer divides 0),

ulv and ulw -> u$v and ulw—v

(the common divisors of v and w are the same as those of v and w—v), and

inax(u : ulv) .> v if v is a positive integer

(every positive integer is its own greatest divisor).

As usual , our first goal is derived directly from the output speclfkatlon:

Goal 1: compute max(z : z$x and z~) .

There are at least two rules that match the subexpreuion z~x and z~ they are the k.glcal
rule

P and Q ..> Q and P

and the numerical rule

u$v and ulw -> ulv and ulw—v .

__ _
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Either rule will lead to a successful program; suppose we attempt the logical rule first. Then we
deve lop the subgoal

Goal 2i com pute maxlz : z~y and zk) .

Goal 2 is an instance of Goal I itself, with x and , replaced by y and x; therefore, the
recursion-formation rule attempts to satisfy Goal 2 with a recursIve call gcd(~ x). To ensure
that this step is legitimate, the rule imposes an input condition

Goal 3: prove y and x are nonnegative integers and

y - 0 or x - 0
obtained by replacing x and y by y and x , respectively, In the input condition of the
specification. This condition is easily established, because it is an equivalent form of the given
input condition itself. Furthermore, the recursion-formation rule imposes a termination
condition, to ensure that the proposed recursive call terminates :

Goal 4: prove gcd(~ 4 terminates.

We will begin by attempting to use the same sort of informal argument we employed in the
previous example proving the termination of this recursive call. Later In this example, we will
be forced to introduce the more formal and general apparatus. To establish termination, it
suffices to achieve

Goal S: prove y < x ,

because x and y are both known to be nonnegative integers (by the Input condition), and

because, is the first argument of the recursive call

If we establish Goal 5, only a finite sequence of recursive calls can occur before the first
argument is reduced to zero. However , we cannot prove or disprove Goal 5 x and y are both
input variables , and we have no way of knowing if one of them is bigger tha n the other. As
before , the conditional-formation rule causes a case analysis to be introduced.

Case y x :  Here, both the input condition arid the termination condition for introducing
the recursive call gcd(y x) are satisf ied . We have thus completed one branch of the case
analysis; we have yet to consider the alternate case. However , at this stage we know that the
final program will have the form -

gcd(x y)  c-s

Men gcd(y 4
e lse...
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Case x 
~ 

y : Here, It is not legitimate to introduce the recursive call gcd(.y x) to achieve
Goal 2, because the termination condition is not satisfied. A ssuming that no other rules succeed
In reducing Goal 2 to a primitive segment, we are led to consider alternate means of achieving
the original Goal I In this case.

Recall that among other rules that applied to Goal I was the numerical rule

ulv and ulw -> ujv and ulw—v ,

This rule causes the generation of a new goal

Goal 8: compute max(z : z~r and z&.-x} .

This goal has the same form as the original Goal I. but with the inputs x and y replaced by
x and y-.x; the recursion-formation rule suggests satisfying Goal 6 with the recursive call
gcd(x y— x) .

To ensure that the arguments x and y—r are legitimate, the rule imposes the Input condition

Goal 7: prove x and y—x are nonnegative integers and
r - 0 or y—x 0;

to guarantee that the proposed recursive call will terminate, the rule also Imposes the
termination condition

Goal øz prove gcd(x y-4 terminates.

Let us examine Goal 7 first: that x and y-.x are nonnegative integers follows from the
original input specification and the case assumption a � y; the condition

x . O o r y — x � 0

leads us to attempt to prove either

Goal 9: prove a - 0 .

or

Goal 10: provs y—x - 0.

We fail to prove or disprove Goal 9~, therefore, the conditional-formation rule introduces a
case analysis.

- _____--. --— -. - _ _  _ _ _ _ _
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Case x — 0 : Here, the input condition for the proposed recursive call gcd(x y—x) is

satisfied; it remains to show the termination condition (Goal 8).

If this were the only recursive call in the entire program, its termination would be easy to
estab lish. A fter all, we know in this case that a is a positive integer and that y—x is a
nonnegative integer; furthermore, ~—x is strictly less than the second input y. Thus, each
execution of t his recursive call reduces the second argument, and only a finite number of
executions can occur before the second argument is reduced to zero. However, the program we
are developing already contains another recursive call gcd~y a); we must consider the possibility
that an infinite computation involving both recursive calls might occur.

This is a real possibility, because the recursiv e call gcd(y x) actually increases the second
argument. We therefore must treat both recursive calls at once, and this requires a more
sophisticated mechanism for proving termination conditions.

In general, to prove terminatLn we employ the concept of a well—
founded set , one whose elements are ordered in such a way that no infinite
decreasing sequence of elements can exist. For example, the nonnegative
integers, under the usual less—than ordering, constitute a well-founded set ,
whereas the entire set of integers does not.

To prove the termination of a recursive program fix) with recursive calls
fit s ) .  fi~2) fit ~ ), we show that x , t 1,  12, . . . ,  1~ all belong to some

well—founded set W , ordered by a relation <,and that

t~ <x  , t2 <a , . . . , and 1, < a .

This condition suffices to ensure termination, because if there were a
nonterminating computation. it would ontain an infinIte sequence of
recursive calls, whose arguments would constitute an infinite decreasing
sequence in the well-founded set. P,ut a well-founded set contains no
infinite decreasing sequences.

By the method we have j ust described , to establish the termination of a
program fix) with many recursive calls fit i), fi 2)’ . . ,  fir ,), we must show

that each argument 1 is less than the original input a under a single well—

founded ordering <. This implies that, during the synthesis of the program,
whenever we introduce a new recursive call fiz z ) we must show that t1 < a

under the same ordering < which we have used to establish the termination
of the recursive calls fi’~

), fit 2) , . . . ,  fic g.,. I ), introduced previously. If we
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cannot , we must modify the well-founded set W and the ordering < so that
1 < r , while ensuring that the relations ~ < x , t~ < x t~_ 1  < x are

still satisfied.

If the program has more than one argument, the ordering < of the well—
founded set may need to compare pairs or cuples of arguments. For this
purpose it is convenient to use the lexicographic ordering between tuples.
For paih of nonnegative integers, for example, this ordering is defined as
follows:

(x 1 a 2) < (y~ y~) if r i , or if x 1 — y~ and a2

Thus, the second components are ignored unless the first components are
equal. This lex icographic ordering can be shown to be well—founded: there
exist no infinite sequences of pairs of nonnegative integers that decrease
under this ordering. A general notion of lexicographic orderin g on
arbitrar y tuples of elements can be defined in a similar way.

In the gca’ example, we have already proved the termination condition of the recursive call
gcd(y x) by showing that the first argument , of the recursive call is less than the first Input a;
in other words , we have used the ordering < defined by

(U i u2) < ( v 1 v2) if U 1 <

This is a well-founded ordering between pairs of nonnegative integers. Thus, in proving the
termination condition for the proposed new recur sive call gcd(x y—x), we attempt to show that

(x y—x) < (x y)

under this ordering, i.e., that x < x . This attempt fails; the first argument is not reduced by the
proposed recursive call. We therefore try to modify the ordering < to establish the termination
condition for the second recursive call as well.

The first argument x of the proposed recursive call gcd(x y—x) Is nonnegative and is
identical to the first input X; we have also seen that the second argument y—x is a nonnegative
integer (since we have assumed that x s y) and is less than the second input y (since a is
positive in this case).

This suggests that we modify the ordering <to be the lexicographic ordering. This ordering
will allow us to prove the termination conditions for both recursive calls.

The use of the recursive call gcd(x y—x) has been justified in this case, because Its input
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condition (Goal 7) and its termination condition (Goal 8) have been established. The partial
program we have constructed so far is

gcd(x y) ’c.- if y < x
then gcd( y a)
else l f x  • 0

then gcd(x y—x)
else .

We have yet to consider the case in which x - 0.

Case x — 0 : In this case , the recursion—formation rule fails to introduce the recursive call
gcd(x y — x )  because we cannot establish its termination condition; indeed, if we did introduce
this recursive call, the program would certainly not terminate. Instead, we look for some

alternate means of satisf ying Goal 6,

compute ,nax {z z~x and z~—x} ,

which , since x . 0, is reduced to

Goal Ii: compute ,nax{z : z~0 and z~ } .

By application of the three rules

ulv —> true if v — 0,

t rue and P -> P , and

max {u ulv } —> v if v is a positive integer

in succession , we obtain

Goal 12: com pute y .

The last rule could be app lied because in this case a - 0, and thus y w 0 (sInce x • 0 or y • 0),
and y 0 (since y is nonnegative).

Now y is a primitive program segment that solves our problem in this final case. The
complete gcd program is

g cd(x y) <-- E f y < r
then gcd(y x)
else i f x  — 0

then gcd(x y—x)
else,.



Elementary Programming Principles 21

This is a version of the “subtractive ” gcd algori thm.

Wel l-founded orderings were first invoked to prove properties of
recursive programs by Burstall [1969]. The theorem-proving system of
Bayer and Moore [1977) also constructs lexicographic orderings.

The particular program we obtain depends on the transformation rules we have at our
disposal and the choices we make during the derivation process. For example , if we had the
additional rules

gcd (u v) ->  2.gcd(u 12 v/2) if u and v are even,

gcd (u v) —> gcd(u12 v) if u is even and v is odd, and

gc d (u v) —> gcd (u v/2) if u is odd and v is even,

we could have obtained the “binary” gcd program

gcd(r y) <--  if even (x)
then if even(y)

then 2. gc d(x/2 y 12)
else gcd(r12 y)

else if euen (y)
then gcd(r y 12)
else if y < x

then gcd(y x)
el se if x - 0

then gcd(x y— r)
else y

This piogram turns out to be quite efficient for implementation on a binary machine, in w hich

division and multiplication by two can be represented as right and left shifts , res pectively (or
vice versa , depending on which side of the machine we are standing on). Of course, nothing in
the tectnique guarantees that an efficient program will be derived.

D. Strateg ic Controls

Up to now we have developed programs by applying transformation rules to goals without
considering how to select the rule to be applied; the proper rule seemed to appear by magic
when it was relevant, If we have hundreds of rules at our disposal, how do we retrieve the
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applicable ones? Of the many rules that can be applied in a given situation, not all will lead to
a primitive program. If more than one rule applies to a goal, how do we decide which to
attempt?

If the program is being developed by hand, we can rely on the programmer ’s knowledge and
intuition. However , if we ex pect this process to be performed by an automatic synthesis system ,
the basis for our strategic decisions must be made explicit. In this section, we will discuss some
strate gic method s for directing the transformation rules.

The strateg ic controls that we have incorporated into our own program—synthesis system may
be outlined as follows. When a goal is proposed, the rules that seem applicable are selected by
patte rn—directed invocation. Of all the selected rules, one is chosen according to a given rule
orderin g; this rule is attempted first. Each rule may be provided with a number of strategic
conditions , which prevent it from being applied foolishly. If the strategic conditions are not
satisfied , or if the rule does apply but does not lead to a primitive program, we backtrack and
consider the next applicable rule chosen by the rule ordering. Let us discuss each of these
methods in more detail.

C Pattern—directed invocation: The rules are indexed by the patterns to which they can be
app lied. For exam ple, the all decomposition rule

P(all ( l)) — >  P(head(1)) and P(all (tail( l))) if I is a nonempty list

is classified according to its left-hand side, P(all (l)). When a new goal is proposed, all those
rules whose patterns match the goal are retrieved . Thus, the above rule and the vacuous rule

P(all (l)) —> true if I is the empty list ,

would both be invoked when the goal compute x < all ( l) is proposed. This method of
retrievi ng a rule when it seems applicable is termed pattern—directed invocation .

e Rule ordering: It often happens that more than one transformation rule will match the same
goal. However , sometimes we can decide a priori that one rule should be attempted before
another. For exam ple, if the vacuous rule

P(all (l)) — >  t u e  if 1 is the empty list

and the recursion-formation rule both match the same goal, the vacuous rule should alwa ys be
attem pted first; the recursion-formation rule imposes the input and termination conditions,
which may be time-consuming to verify. Furthermore, if both rules do apply, the program
segment true is preferable to a recursive call.

On the other hand, if the decomposition rule
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P(aIl( 1)) — >  P(head( I)) and P(all (tall (l)) if! is a nonempty list

and t he recursion-formation rule both match the same goal, we prefer to attempt the recursion—
formation rule first; the decomposition rule produces a nonprimitive subgoal more complex
than the original goal, while the recursion-formation rule is guaranteed to produce a primitive
recursive call.

e Strategic conditions: We have seen that a transformation rule may impose logical conditions,
which must be satisfied to ensure a va lid application of the rule. By the same token, a rule
may have strategic conditions, which prevents it from being applied foolishly. For example, in
introducing a conditional expression if P then s 1 else 

~2 or the recursive call fit) we imposed
the strategic condition that the condition P or the argument t be primitive; this was to ensure
that the resulting expression would itself be primitive.

Two more exam ples: if we introduce the logical rule

P andQ-> Q and P ,

or the integer rule

u) v and ulw -> ulv and ulw—v ,

we must give them each strategic conditions to ensure that they are not applied repeatedly to
the subex pressions that they themselves produce; otherwise , we may obtain an endless sequence,
eg

P a n d Q,  Q and P , P and Q 

Good strate gic conditions improve the general performance of a system , but they may
prevent it from finding some trickier, less intuitive solutions.

• Backtracking: If applying one rule to a goal fails to lead to a primitive program segment,
the system will backtrack , and attempt to apply other applicable rules to the same goal.

For instance , in constructing the gcd program, we applied the rule

P and Q -> Q and P

to Goal I,

compute max~z zjx and z~),

to form Goal 2.
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computs inax jz : z~, and zlx} .

In the case in which x s y. we failed to derive a primitive program segment from Goal 2;
therefore, we backtracked and considered other rules that matched Goal I As it turned out,
the rule

u~v and uj w ->  uk, and is lw-v

applied to Goal i to yield Goal 6,

computs eiax ( z :  ~~ and z~..x} .

In addition to these general strategic methods for controlling transformation rules, there are
special strategic techniques associated with particular rules. One of these techniques is the
subject of the next subsection

Pattern-directed invocation was introduced as a featur e of the P1.ANI~*R
programming language for •rtificial-int&ligenc. research (I~ wltt (1971)).

The Rsd undan t -Tsst Strategy

The conditional-formation rule will introduce a case analysis when we fall to prove or
dis prove a condition P We consider separately the case in which P is true and the c ase in
which P is false, construct program segments 3 i and 

~ 
to handle each case, and combine these

segments into the conditional expression

if P then s
~ 

else 
~2

However , it is possible that one of these segments, say s~, does not depend on the corresponding
case assumption, that P is false. In this situation, the segment S~ Itself will solve our problem
regardless of whether P is true or false; constructing the other segment s~ would be a waste of
effort.

The redundant—test st rate gy prevents such Irrelevant conditional expressions from being
formed According to this strategy, in introducing a case analysis we always consider first the
negative case , In which P is false. If we then succeed in constructing a program segment 

~2 that
solves our problem without ever using the case assumption that P is false, then this segment
solves the entire problem. We do not consider the positive case, in which P is true, and we do
not generate a conditional expression.

—
~~--- --~~--- -. -
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We always consider the negative case first because in the positive case, the assumption that
P is true will always be used by the rule that imposed the condition; therefore, we can never
escape considering the negative case.

For exam ple, suppose, in constructing the gcd program, we are given the rem rule

uiv and ulw -> uIv and u~rem(w v) if v.  0

instead of the minus rule

u$v and ulw .> ujv and utw.-v ,

where u , v , and w are nonnegative integers. (The rem rule states that the common divisors of
v and w are the same as the common divisors of v and rem(w tO.) Recall that in developing our
previous gcd program, we introduced a case analysis on the condition y < x in an attempt to
introduce a recursive call gcd(y tO, Now, according to the redundant—test strategy, we will first
consider the negative case, In which x % ,. In this case we will apply the rem rule and
eventua lly develop the program segment

if x . 0
then gcd( r em(y tO x)
else y

without ever using the case assumption that x S y. Consequently, we need never consider the
positive case , in which y c x. The above segment solves the entire problem, so our final
program us simply

gcd(x ~) ~.. ifx • 0
then gcd( r em(, tO tO
else y

Thu is a version of the Eucludean gcd algorithm.

In describing a program derivation in which a case analysis is introduced and later
eliminated by the redundant-test strate gy, we will often omit mentioning the case analysis
altogether For example. in developing either of the above gcd programs, we Introduce a case
analysis on the COb Idit$Ofl , - 0 as well as on the condition ~ — 0, this case analysis on y • 0 As
eliminated by the redundant test strategy, and never appears in our discussion.
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3. EXTENSIONS OF RECURSION FORMATION

A. Generalization

Recursive calls have been introduced when a new subgoal is discovered to be a precise
instance of the top-level goal. But what if the subgoal is an instance not of the top—level goal
but of a somewhat more general expression? In such cases, it may be advisable to construct a
new procedure (or subroutine) to compute the more general expression, and to achieve our
original goal by a call to the new procedure. Although the new procedure attempts to solve a
more general problem, that problem may nevertheless be easier to solve.

Generalization Is already commonplace in the theorem—proving context: paradoxically, It Is
often necessar y, in proving a theorem by mathematical Induction, to prove a more general
theorem, so that the induction hypothesis will be strong enough to prove the inductive step. In
program synthesis, induction is analogous to recursion: we attempt to construct a program to
compute a more gen eral goal so that the recursive call will be strong enough to achieve the
desired subgoal.

A s before, we will explain the method in the context of an example. We will not follow the
precise order dictated by the strategic controls in constructing the program. Because we have
considered a similar program. lessall(x 1), previously, we will be a bit more brief in our
ex position.

Suppose we want to construct a program headtail(l) to test whether the head of a nonempty
list I is less than every element of its tail. The specifications for this program may be expressed
as

headtaii(l) < — —  compute head(l) < atI(taIl(l))
where I is a nonempty list of numbers.

Our top-level goal is then

Goal I i compute head(l) alI(taiI(l)) .

Recall that we have introduced two rules that explicate the all construct: the vacuous rule

P(alI (l)) —> true if 1 is the empty list,

and the decomposition rule

P(all (I)) •> P(head(l)) and P(a11(taU(I)) If! is a nonempty list.

These rules, together with the conditional-formation rule, account for the introduction of a case
analysis into our derivation, and the subsequent formation of a conditional expression in our 

~- -~~~~ -~~~~~~~~~ 
___

~~~~~~~~~

.-

~~~~~~~~~~~~~~~--
- -



28 Extensi ons of Recurs ion Formation

final program. In the case that taJJ(I) Is empty, the vacuous rule reduces the goal to the
primitive segment true; in the other case, in which tail(1) is not empty, the decomposition rule
reduces the goal to computing the conjunction of two expressions:

Goal 2: compute head(1) ‘c head(taU(O)

and

Goal 3: compute hea4(1) < all(:all( tall(l))) .

Goal 2 is already a primitive expression. We have yet to consider Goal 3; however, the
program constructed so far is

hea4tal.J(1) < — —  If emp:,(taU(I))
then true
else !iead(!) < head(tail (1)) and

An atter~.pt to satisfy Goal 3 by the recursion-formation rule fails, because Goal S is not a
precise rnsrance of Goa l I,

compute head(l) < all(taLl(l))

the I on the left-hand side of Goal I corresponds to I in the subgoal, but the I on the right—
hand side correspondt to :aii(1). However, Goal S is an instance of a more general goal,

Goal 1 (genera llzed)i com pute head(l i) < all(tail(12))

obtained from Goal I by introducing new variables I~ 
and ‘2 in place of the left— and right—

hand occurrences of 1, respectively. This suggests that we attempt to construct a proced ure

headtailgen(l i ‘2) to achieve the generalized Goal I Instead of the original version. Thus, the
output specification for the new procedure will be

headtaligen(l , 12) <—a compute head(11) < all(tail(12))

This procedure will test whether the head of I~ is less than every element of the tail of 1
~
, where

1~ and 12 may be distinct lists.

We can now set aside our original derivation, and satisfy the original Goal I by a call to the
more general procedure instead; the resulting headtaU program will be simply

headtali(1) ‘c— a hea4taUgen(l 1) . :
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It remains to construct the more general procedure ~%ea4taUgen, I.e. to achieve the
generalized Goal I. The derivation of the generalized goal will attempt to mirror the original
derivation; our hope is that this time the top-level goal is general enough so that the previous
obstacle encountered in introducing the recursive call will be overcome.

In general, suppose we are developing a program whose specifications
are of ,form

fix) c-- compute P(a(x))
where Q(x) .

Then our top-level goal is of form

Goal A: compute P(a(r)) .

Suppose that in developing the program we encounter a subgoal

Goal B: compute P(b(x))

t hat is not an instance of Goal A , but that Is an instance of the more
general expression

compute P(y).

Then the general Iza tion r ule proposes that we attempt to construct a new
procedure whose output specification is

g(y) ‘c-- compute P(y) .

We can thus satisfy the original Goal A by a call to the new procedure; the
resulting programf will be

fix) c--  g(a(x))

To ensure that the calls to the new procedure g will be primitive, we do
not apply the generalization rule unless a(x) and b(x) are primitive.

The top-level goal of the new derivation will be the generalized Goal A ,
compute P(y). We will attempt to mirror the steps of the original
derivation; that As, we try to apply to the new goal the same rules that we
applied earlier to the original Goal A in deriving the original Goal B. Our
hope is that the goal In the new derivation corresponding to the original



I
30 Extensions of Recursion Formation

Goal B will turn out to be an instance of the generalized Goal A , and that
it will be achieved by a recursive call to g. However , there is no guarantee
that the same sequence of rules will be applicable to the generalized Goal A ,
or that if we succeed in deriving a generalized Goal B, It will turn out to be
an instance of the generalized Goal A . If the derivation fails for either
reason, we abandon the generalization and look for other ways to achieve
the original Goal B. (This is a very conservative strategy; a more
adventurous approach would be to try to use as much as possible of the
original derivation , but to seek other ways of progressing when the original
derivation fails.)

We have postponed describing the input specification for the new
procedure g. It is to our advantage to have as few conditions in this
specification as possible, because we must check each of these conditions
ever y time a procedure call to g is introduced. For this reason, rather than
attempting to formulate the new input specification in adv ance, we prefer to
proceed with the derivation of g and add to the input specification only
those conditions that are needed to complete the derivation. In other words,
we form the input specification for g incrementall y .

Thus, if in the course of the derivation we fail to prove a desired
condition S(y) , we consider adding this condition to the input specification
of g. However , every time a call g(u) to the procedure g has been
introduced previously in the synthesis, we must go back and check that the
additional input condition S(u) is satisfied . In particular, because the main
program

fix) <.- g(a(x))

contains a procedure call g(a(x)) , we must check that condition S(a(x)) is
satisfied.

Often, conditions are added to the input specification simply to ensure
that the output specification is meaningful.

Returning to our example, we attempt to construct the more general procedure
headtatlgen(11 ‘2) that achieves the generalized Goal I,

compute head(11) c all(tali(12))

However , this goal is not meaningful unless

I~ and 1
~ 

are nonempty lists.
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We cannot prove this condition about our arbitrary inputs l~ and 12; therefore, we must add it
to the input specification for the new procedure. Because the main progr am h~adtai.1(1) contains
the call headtailgen(l I) , we first check that the arguments I and 1 for the call satisfy the
proposed condition. Thus, we have to show that

I and I are nonempty lists,

i.e.,

I is a nonempty list.

But this is exactl y the input specification for the main program.

We attempt to apply to the generalized Goal I the same sequence of rules that we applied to
the original Goal I earlier. Applying the vacuous rule in the case where taU(12) Is empty, we

derive the primitive program segment true; applying the decomposition rule In the case where
ta il(12) is not empty, we decompose the generalized Goal I into computing the conjunction of
two expressions:

Goal 2 (generaiized): compute head(l 1) < head (taiI(12))

and

Goal 3 (generalized ): com pute head(l 1) ‘c all( taIJ(tail(12)))

The new Coal 2 is a primitive explession as before; however , this time the new Goal S is a
precise instance of the generalized Goal I

compute head(11) < oJl(tail(12)) ;

therefore, the recursion-formation rule proposes that we achieve the generalized Goal S by a
recursive call ~ieadta4Lgen(l 1 taU(I2)) to the new procedure. The argumen ts Z~ and tail(12) can be
shown in this case to satisfy the input condition that

l~ and tail(12) are nonempty lists,

because l~ and lz are nonempty lists (the new Input condition) and taLl(12) is not empty (the case
assumption). I he termination condition is established because the second argument taIJ(12) of

the recursive call is a sublist of the second input l~.

The complete final program is then

hoadtatl( 1) ‘c— — headtaiIgen(l 1)
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where
headtailgen(l 1 ‘~

) <~~~~ if empty (iaIl (l 2))
then true
else head(11) < head(tail(12)) and

headtaUgen(I i tali(12))

When it is successful , the generalization principle results in the construction of a stronger
program than originally required. If the new specifications are too general, however , the
corresponding program can actually be more difficult to construct than the original. For this
reason , we must impose conservat ive strategic controls on the application of the generalization
principle. For all the examp les in this paper, the only generalizations required Involve
replacing a constant by a variable, or one occurrence of a variable by a new variable; in
general, it is necessary to replace more complex terms by variables.

For examples of theorem-proving systems that generalize the theorems
they are about to prove by induction, see Boyer and Moore (1975), Brotz
[1973], and Aubin (1975) . Silclossy (1974) proposed applying this technique
to program synthesis.

B. The Formation of Subsidiary Procedures

We form a recursive call when a subgoal is discovered to be an instance of the top—level
goal. But what if the subgoal is an instance, not of the top—level goal, but of some other
subgoal? In this section, we show how such a situation can lead to the formation of subsidiary
procedures (or subroutines) .

As before, we will consider the general case in the context of a specific example. The
program to be constructed, alIaIl(I m) , is intended to test whether every member of a given list 1
of numbers is less than every member of another such list m. The specifIcations can be
expressed as

aIlall(1 in) .. compute aU(1) ‘c aII (m)
where I and m are lists of numbers.

The top-level goal is thus

Goal 1: com pute aIl(I) c alI~m ) .

As before, we will employ the vacuous rule
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P(all(l)) —> true if u s  the empty list

and the decomposition rule

P(all (l)) —> P(head( I)) and P(all(iail (l))) if I is a nonempty list.

In the case in which I is empty, the vacuous rule reduces Goal I to the primitive program
segment true; in the other case, the decomposition rule reduces the goal to computing the
conjunction of two ex pressions:

Goal 2~ compute head(l) < aJl (m)

and

Goal 3: compute a1t(taiI(l)) < aU(m) .

Goal 3 is  disoovered to be an instance of the top-level goal, with the inputs I and m replaced
by tail (l) and in. Therefore, the recursion-formation rule replaces this goal by a recursive call
lessall(tall(l ) in); the input condition is easily checked, and the termination condition is proved
because tail ( () is a proper sublist of I.

We have yet to consider Goal 2; the program constructed so far has the form

ollaIl(l in) <— . if eznp ty (I)
I/zen true
else . . .  and

allall(tail(l) in).

Goal 2, compute head( l) < allOn) , is decomposed in a manner similar to Goal I. In the case
where in is empty, the vacuous rule transforms this expression to the primitive program
segment true . In the other case, the decomposition rule reduces this goal to computing the
conjunction of two ex pressions:

Goal 4: compute head( 1) < head(m)

and

Goal 5: compute head(1) < alI(ta4I(m)) .

Goal 4 is a primitive expression ~~~ can be computed directly. Goal 5 Is an Instance not of
the top-level goal but of the intermediate Goal 2, compute head(1) aIl(m) , with the inputs I
and in replaced by I and tall (m). This suggests that we might achieve Goal 5 by a recursive call
not to the entire program allah but to the segment of ‘zilall that achieves Goal 2. For this
purpose, we must Introduce a subsidiary procedure hi ’ad&l(l in) corresponding to this segment.
Thus, the output specification for the new procedure will be
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headall(l in) <.- compute head(I) < aU(m)

(This procedure tests whether the head of I is less than every element of in.) Then we can
achieve Goal 5,

compute head(I) < aII (tal I(m)) ,

by a recursive call headall(l iail (m)) to the new procedure.

In genera l, suppose we are developing a program whose specifications
are of the form

fix) ~~.- compute P(x)
where Q(x) ,

and we encounter a subgoal

Goal B: compute R(t) ,

which is an instance of some previously generated subgoal

Goal A: compute R(r) .

We assume that Goal A is some ancestor of Goal B other than the top—
level goal. The p rocedure— formation rule proposes that we introduce a new
procedure g whose output description is

g(x) <.. compute R(x) ,

so that we can achieve Goal B by a recursive call g(t). Then we set aside
the original derivation for Goal A , and achieve the goal by a call g(x) to
the new procedure.

As in the previous section, we prefer to formulate the input
specifications for the new procedure g Incrementally, rather than attempting
to ex press this specification in advance . Again, it is to our advantage to
have as few conditions as possible in the input specification for g, because
each of these cond t:ons must be checked ever y time a call to g is
introduced. We add to the new input specification only those conditions
that are needed in the course of the derivation of g.

Thus, if in constructing the procedure g we fail to prov~ some condition
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we consider adding this condition to the input specification for g.
However , every time a call g(u) to t he new procedure has been introduced
ear lier in the synthesis , we must go back and check that the additional
input condition S(u) is satisfied. In particular , because the main program f
now contains a call g(x) to achieve Goal A , we must check that S(x) holds
when this call is executed . For this purpose, we may use the input
specifications for f or any of the case assumptions that occur in the
derivation of Goal A .

Goal A , compute R(x), now becomes the top-level goal in the
construction of the procedure g. Initially, we mirror the steps of the
original derivation ; that is, we apply in the new derivation the same
sequence of steps that we applied originally, adding conditions to the input
specification of g as necessary. Goal B, compute R(t), will again be

introduced, and will again be an instance of Goal A , com pute R(x). This
time, however , Goal A is the top-level goal, so the recursion—formation rule
can be applied to satisfy Goal B with a recursive call g(t), provided that
the input and termination conditions are satisfied . This input condition for
such a recursive call is the same as usual; however , the termination
condition is more complex , and wi ll not be discussed until Section SD.

We may need to achieve other goals to complete the derivation of the
main procedure f and the subsidiary procedure g. Of course, In continuing
these derivations we may introduce still more subsidiary procedures.

Returning to our allall example, recall that we developed a subgoal

compute head(I) < ahl (taiI(m))

(Goal 5), which we observed to be an Instance of its ~~cestor subgoal

compute head( l) < all (zn)

(Coal 2). Therefore , the procedure-formation rule suggests introducing a new procedure,
/ieadall, whose output specification is

~zcadall (l m) <-- compute head(I) < aU(m) .

The partial program description derived from Goal 2 is set aside; this goal is now satisfied
by a call headahl( l in) to the new procedure. Thus, the final a/lol l program is

allatl (l in) < — —  If empty (I)
then true
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else hec4all(l in) and
allall(tall(l) in)

We have yet to comp lete the construction of the subsidiary procedure headall. The top—
level goal for the procedure is Goal 2,

compute head(l) < all (m)

This expression is not well-formed unless

I and in are lists
and I is not empty.

By our incremental specification technique, we consider adrling these conditions to the input
specification for headall . Because a call headall(l m) has already been Introduced in the main
program to achieve Goal 2, we must check that these conditions are satisfied when this call is
made. However , the first condition is the input specification for the main program, and the
second condition holds because Goal 2 was introduced under the assumption that I is not
empty. Therefore , these conditions may safel y be added to the input specification for izeadall.

To complete the derivation of the headall procedure, we begin by mirroring the derivation
leading from Goal 2 in the original synthesis. We again introduce Goals 4 and 5. Goal 5,

compute /eead(l) < a/I(taU(m)) ,

is again an instance of Goal 2,

compute head(l) < alI(m)

However , this time Goal 2 is the top-level goal, and the recursion—formation rule can now
introduce the recursive call /ie adall(I tai I (m)) . (The input and termination conditions for this
call are strai ghtforward. ) The complete program we derive is thus

allall(l m) <—.  if empt,(I)
then true
else headall(l in) and

allall(caIl(1) in)

where

headahl (l in) <.‘- if empty ( zn )
I/z en true
else head(l) < head(m) and

headall(1 tail (m))
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Another Example

Using the same basic princip les as in the lessall exam ple, but employing some additional
rules for the set-theoret ic domain , we can construct a program to compute the Cartesian
product ca rt (s e) of two sets s and 1. The specifications for this program are

car l (s t) < — —  compute { (x y) : x c .t and y s I
where .c and t are sets.

The rules for sets employed in this synthesis are the em ply—set— format ion rule,

~u ~false ) — > }

(where ( } is the empty set), the union—formation rule

P(u)  or Q(u)} -~~ ~u :  P (u))  u fu Q(u))

(where u denotes the union of two sets), the equality—eliminaclon rule

u — t}  — { t}

(where u ar d are ex pressions with no variables in common) . and the defInition of the member
relation We assume that the empty set { ), the functions head(s) and tall(s), the union
function U, and the notations for the singleton set {s} and the pair (s t) are among the
primittves of our target language.

We will be very brief. In deriving the program from the specifications, we decompose the
output specification into the expression

(r y) x’ - head(s) and y c  I J u
(x y) : r ~ tail(s) and y

corres ponding to the case in which s is nonempty. The second subexpresston,

(x y) : r tail(s) and y € 1 ) ,

can be computed by a simp le recursive call cart(l aiI (s) t ) .

It remains to compute the first subexpression, i.e. ,

Goal A: compute { (x y):  r - head(s) and y c

This expression decomposes further , yielding
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(x y) . x — head(s) and y .  head(t) ) u
(x y) : x — head(s) and y s tall (t)

in the case in which u s  nonempty. The first subexpression,

(x y )  x — head(s) and y - head (t)

reduces directly to the primitive expression

(head(s) head(t)) }

It remains to compute the second subexpression, i.e.,

Goal B: compute ( (x y) : x - head(s) and y e tail(t)).

Goal B is an instance of Goal A; therefore , we introduce a new procedure carthead , whose
output specification is

cart /E ead (s t) <-- compute { (x y ) :  x - head(s) and y ~ I

(This procedure computes the Cartesian product of the singleton set {head (s)) and C.) To
ensure that this specification is well—formed, we are forced to introduce the condition

s and I are sets
and s is not empty

as the input specification for the subsidiary procedure.

Then Goal A is satisfied by a call carthead( s t) to the new procedure, while Goal B Is

satisfied by a recursive call cart head( s taiI (t)). The complete Cartesian product progi am is

carr(s t) < —— if emp ty (s)
then
else cart hea d(s t) U

rart(ta.II(s) t))

where

cart head( i t) — — If emp:y(:)
t h e n { }
else ((head(s) head( t))} t

car Mead(s tall (t)) ,

The Cartesian-product example is derived from Darlingtori (1975).
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C. The Generalization of Subsidiary Procedures

In our discussion of subsidiar y-procedure formation , we introduced a procedure only if a
sub goal (Goal B) is discovered to be a precise instance of a previously generated subgoal (Coal
A )  We further required that Goal A be a direct ancestor of Goal B (other than the top—level
goal). However , what if Goal A is not actuall y an ancestor of Coal B but occurs somewhere
else in the synthesis? Or what if Goal B is not a precise instance of Goal A , but of a somewhat
more general expression? In fact , the ti~chniques we have already introduced extend naturally
to this more general situation , as we will see in our next example. This example will also serve
to illustrate how program-synthesis techniques can be applied to transform an already—
constructed program.

Suppose we are given the following program reverse (l) for reversing the elements of a list I

re verse (l) <— — if em p ty (l)
then nil
else append(reverse( rail (l))

lisl (head( l)))

where nil is the empty list and append(1 1 12) is the program for appending the elements of two
lists , given by

app cnd(l 1 12) <-- if empt y( l i)
then ‘2
else cons (head(l i)

append(tail(l ,) p2))

This reverse program is not very efficient because its execution may involve many calls to
append; moreover , each time append is called it makes a new copy of its first argument.

Let us consider the given reverse program to be the specification for another reverse
program. Even though we have a program to compute the append function, let us treat
append as a nonprimitive construct. Thus, we will be forced to transform our given program
into an equivalent program that does not use app end. Our hope is that the resulting program
will be more efficient.

We assume that we have the following rules that explicate the append construct:

append( 1 1 ~
2) —> ‘2 if 1, is the empty list

app end(l , 12) — >  cons(he ad( 1 1)
append(tail(1 1) ‘2)) if ‘2 isa nonempty list,

and
append (app end (1, 12) 13) -> append(l i append(12 13)) .
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These rules are derived from the append program itself. In addition, we will use the given
revtrse program as a transformation rule:

revevse (l) —> if ervt p ty (l)
then nil
else append(reverse(tail(l))

Iist (/i ead (l)) )

We will also apply several rules based on the properties of list structures.

Our top-level goal is

Goal 1: compute if empt y (l)
then nil
else appen d(re verse( lail(l))

lisi(/iead(l)))

The nonprimitive construct append appears in the else branch of the goal. Applying the
transformation rules

lis t(y 1 Yz . . .  y~
) s> cons(y, Ilst(y ~ 

. . .  y,~)) If n � I

and

I isz ~( ) —> nil

to the else clause, we obtain

Goal 2: com pute cppend( r everse(l aU(l))
cons(head( 1) nil))

Applying to the subexpression reverse (tail(I)) the rule for reverse , and pulllng out’ the
conditional expression using the rule

f(if P the n s i else ‘2) — , If P then fis t) else fis 2)

we obtain

Goal 3: compute if empty(tail (I))
i/z en append (nhl cons(head(l) nil))
else append(appsnd(reverse(taU (ttsU(O))

l1,t(h,ad(tail(l))))
cons(head(l) nil)) .

App lying the rule
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append( I , ~2) — > 12 if 1~ is the empty list

to the then clause , and applying the rule

append (append (11 12) 13) -> ap pend(11 append(12 13))

to the else clause , we obtain

Goal 4: compute if emp ey (tai l (l))
then cons(head( l) nil)
else app end(reverse( tail (tail (l)))

append(lis t(head(tal l (l)))
cons(head(l) nil)))

Let us focus our attention on the else branch of this goal.

Goal 5: compute append(reverse(tai l (tail (l)))
append(l is t(head(ta il (l)))

cons( head(l) nil)))

By the rules for list, app end , and cons , this reduces to

Goal 6: compute append (reverse(taIl(tail(l)))
cons(head(tail(l))

cons(head(1) nil)))

This goal is not a precise instance of the higher-level Goal 2,

compute appen d(reverse(tail (l))
con s (head (l)

ni l))

because the ex pression cons(/i ead(l) nil) in Coal 6 coincides with the constant nil in Goal 2.
However , Goal S is a precise instance of the somewhat more general expression

compute append(reverse( tail(l))
con s(head( l)

obtained from Goal 2 by replacing the constant nil by a new var:able in.

We have developed a situation in which a subgoal Is a precise èn~tance,
not of the previously generated subgoal, but of a somewhat more general
ex pression. In other words, we have found that
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Goal Bi compute R(b(x))

and the previously generated

Goal Ai compute R(a (x))

are both Instances of the more general expression

compute R( y) .

(Note that we do not need to assume that Goal A is actually an ancestor of
Goal B, or e.ven that both appear in the synthesis of the same procedure.)

In this situation, the extended procedure— formation rule proposes
introducing a new subsidiary procedure g(y) whose purpose is to achieve
both goals. The output specification for g will be

g(y) ~ -- compute R(y) .

We intend to achieve Coal A , compute R(a(x)), by a call g(a(x)), and to
achieve Coal B, compute R(b(x)), by a call g(b(x)). (In the special case
where Goal A is already the top-level goal of some procedure that achieves
it, and Coal B is a precise instance of Goal A , there is of course no need to
introduce a new procedure to achieve Goal A .)

The input specification for the new procedure g is formed incrementally
as before. The top-level goal in the derivation of g is

Goal A (generalized): compute R(~y ) .

In constructing the subsidiary program g, we begin by attempting to mirror
the original derivation leading from Goal A , adding conditions to the input
specification as necessary. All the techniques presented previously can then
be applied to complete the derivation of g.

Returning to our example, recall that the extended procedure-formation rule propose
introducing a new subsidiary procedure reverse gen(l m) to compute thE more general expreuios~Thus, the output specification for reversegen is

revers.gen(1 in) - - compute append(reverse(:aIJ(O)
con.s(h.ad(l)

in)) .

(Intuitively, the r.versogen(l in) reverses a nonempty list I and appends the result to in ,)
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Now , Goal 2 in the derivation of the main program is achieved by a call reversegen(l nil) to
the subsidiary procedure. The final reverse program is then

reverse(l) <- -  if empty (l)
then nil
else reverse gen(1 nil)

It remains to complete the derivation of reversegen . The top—level goal for this derivation is
obtained direct ly from the output specification:

Goal 2 (generalized): compute app end( reverse (tail (l))
cons( head(l)

in)) .

To ensure that this ex pression is well—formed , we add the conditions

1 and in are lists
and I is nonempty

incrementally to the input specification for the reverse gen procedure. We then attempt to
mirror the original derivation leading from Goal 2. We succeed in applying the same rules as
before, ultimately obtaining

Goal 6 (general ized):  compute append(reverse(tail (tall (l))
cons(hea d(tall( I))

cons(head(l)
in))) .

This time , the generalized Goal 6 is indeed an instance of the generalized Goal 2, obtained by
replacing 1 with tail(l) and in with cons(head(l) m). Therefore, we can achieve the new Goal 6
by a recursive call revers egen(tail (l) cons(hea4(l) in)) to the subsidiary procedure. The fina’
reverse program we obtain is thus

reverse(l) < — —  If empty (l)
then nil
else reverse gen(1 nil)

where

reverse gen(l in) < — —  if empty (tail (l))
then con s(heo4(l) m)
else rev erse gen(iail (1)

cons( head(l) in))
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This is a better reverse program than the one we were originally given. Not only has the
expensive append program been eliminated, but by good fortune the new procedure rev.rsegen
we have obtained is of a special form, for which the recursion can be implemented efficiently
without the use of a stack.

The reverse example fol lows Burstall and Darlington [1977]. Their system
does not perform the generalization automatically.

D. Systems of Mutuall y Recursive Procedures

In the above examples we have used the usual techniques for showing the termination of
the programs and procedures we construct. However , certain situations arise In introducing
subsidiary procedures that require this technique to be strengthened. In particular, we can
form systems of mutually recursive procedures, i.e. procedures each of which may contain calls to
the others. Let us see how such a system can emerge.

Suppose that one subgoal in the derivation of a subsidiary procedure g is achieved by a call
to the main program f. Then the program f will be expressed in terms of a call to the
procedure g,

f ix) < — —  . . .  g (u)

while g will be expressed in terms of a call to the main program f,

g(y) <-- . . .  flu)
Such a system of mutually recursive procedures can fail to terminate, say 1ff calls g, g calls

f, f calls g again , and so on indefinitely. The naive approach for showing the termination of
such a system is to show that all the inputs and arguments belong to some well-founded set W ,
and that

u <x  and v

under the ordering <of W .  However , there are systems whose termination cannot be shown by
this approach; for examp le, if u is x itself, then no well-founded ordering will allow us to show
is < x. Furthermore, in some systems,f and g may apply to different domains; f may apply to
hits, say, and g may apply to numbers; In such a case, it may be difficult to construct a single
well—founded set that contains the arguments of both f and g.
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To show the termination of a system Ii, f~ f~ fn of mutually recursive procedures,
we resort to a more general method: We find (as before) a single well-founded set W with an
ordering < . In addition, we find a termination function T~ corresponding to each procedure f1
such that T1 maps the arguments off 1 into W and such that , whenever a call f/t) occurs in the
execution of the procedure f~

(x), we can establish the termination condition

Tj (t) < T ~
(x) .

This suffices to prove the termination of the system, because if there were a computation
containing an infinite sequence of calls

f0(t 0) f&’b~ fc (
~
’c) , . .

the corres ponding sequence

Ta(t a) , T~(t~) , T
~

(t
~

)

of elements of W would be infinitely decreasing, contradicting the definition of a well-founded
set.

To illustrate this method, we will briefly consider this simple example of a system of
mutually recursive procedures to compute the gcd of two nonnegative integers x and,:

gcd0(x y ) .c ~. i f x - O
then y
else gcd 1(x y)

gcd 1 (x y) c-~ if y � x
then gcd 2(x y)
else gcd3(x y)

gcd 2(x y) <—-  gcd ,(x y— x)

gcd3(x y) <- - gcd0(~ x)

For this exam ple, the naive approach is to show that the inputs (x y) and the arguments of
each procedure call belong to the well-founded set W of pairs of nonnegative integers, and that
the arguments of each procedure call are less than its inputs under some well-founded ordering,
such as the lexicographic ordering. This approach tails here because, for instance, the main
program gcd,(x y) executes a procedure call gcd 1(x y) whose arguments are the same as the
inputs
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It suffices, howev er, to take W to be the set of triples of nonnegative Integers, under the
lexicographic ordering <. Corresponding to each procedure gcd1 we have a termln;tion

function T1

T0(x y ) -  (x y 2)

T i(x y) — ( xy  I)

T2(x y) - (x y O) . and

T3( x y) . (xy  0)

Now, each time a procedure call gcdj (u v) is executed within a procedure gcd1(x y) we need to
show the termination condition

T/ u v) <T~(x y ) .

For examp le, because gcd0(x y) calls gcd 1(x y) when x is not zero, we have to show

( x y  I)  < (x y 2) ,

which is clearly true under the lexicographic ordering. Because gcd3(x y) calls gcd.j .y x) when,
is less than r , we have to show

(y x 2) <(x y 0),

which also holds under the lexicographic ordering since, r r~
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4. STRUCTURE-CHANGING PROGRAMS

A. Straight-Line Programs

The programs we have been developing up to now have been struc ure_ r#iaintalning
programs: they do not alter the value of any variable or change the configuration of any data
structure. Thus , any condition that is true before executing such a program will also be true
afterwards. In this section, we extend the techniques we have already Introduced to permit the
construction of structure—changing programs; these programs can reset the values of variables,
change the contents of an arra y, or alter the structure of a list or other data object. (Commonly,
such changes are called side effects; this term has the unfortunate connotation that the effects
are undesirable, rather like a headache.) In executing such a program, a condition that was
previously false can be made true, and the opposite.

For exam ple. a program that merely outputs the maximum element of an array is a
structure-maintaining program; its execution does not change the contents of the array. On the
other hand, a program to sort an array in place is a structure-changing program, because the
contents of the arra y may be changed.

The basic princip les of program construction introduced earlier (such as conditional
formation, recursion formation , generalization, and procedure formation) extend naturally to the
development of structure-changing programs. In addition, we will need some basic principles
that specifically pertain to this new class of programs.

To express programming problems that require structure changing, we need to introduce
new constructs into our specification language. To express programs that solve such problems,
we need to introduce new primitive statements into our target language

To the specification language we add the new construct

achieve P .

where P is some condition. The meaning of this construct is that the corresponding program
segment is to cause condition P to become true. (Thus, achieve x — 2 can yield a program
segment that sets x to be 2.)

We also extend our target language to include assignment statements, such as variable
assi gnments , e.g.,

u.- t ,

array assi gn ments , e.g.,
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a[i) ~
- t

and l ist assi gnments , e.g.,

head (l) ~
- t and ia il (l)

The effect of these statements is to change the value of the variable U , the contents of the
arra y element all), and the head and tail of the list 1, respectively.

We will Introduce other specification and target—language constructs in the context of
specific examples.

Let us introduce rules that ex plicate the achieve construct and relate it to the assignment
statements. For instance:

• The achieve—elimination rule

achieve P -> prove P .

This rule expresses that to achteve some cond.it~on P,  ~t suffices to prove that P is already true.

The rule is generall y applied in conjunction with

• The p r ove —eh m in a t ion rule

prove true -> A

where A represents the empty program segment. Together, these rules allow us to remove from
the program description any subexpress ion of form achieve P . where P can be proven to be
true. Because prove is a nonprimitive construct , a program segment containing a
subex pression prove P must be transformed until the subexpression is eliminated, i.e., until we
prove that P holds when control passes through the corresponding point.

• The varia bl e—assi gnment formation rule

achieve P(u) -> prove P(t)
us- f for some t

where is is a variable and is an expression. This rule expresses that if the condition P(t) is
true , we can achieve a condition of form P (u) by the variable assignment u .- t .

Let us illusti ate how these rules can be applied to construct a program to achieve x — 2.
The specifications for the program are

make two (x) <-- achieve r - 2 .
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Our top-level goal is therefore

Goal 1: achIeve r - 2 .

Two of the above rules match this goal. The achieve-elimination rule transforms this goal into
the subgoal

Goal 2i prove r - 2 ,

which fails. The variable-assignment formation rule, on the other hand, leads to the subgoal

Goal 3: prove t - 2
r .- t for somet.

A pplying the rule for equality,

u - u  —> true ,

forces us to take I to be 2 itself; we obtain

Goal 4: prove true
x . - 2 .

Finally, the prove—elimination rule yields the ultimate program

make two(r) <— - x 2 .

B. Conditional Programs

Let us illustrate how the conditional—formation rule extends to allow the introduction of tests
into structure-chan ging programs. For this purpose, we will construct a program sort2(x y) to
sort the values of two variables x and y. We will assume that the target language contains the
new instruction lnterchange(r y) . which has the effect of exchanging the values of the variables
r and y. This instruction is described by the Interchange rule

achieve P(u v) -> prove P(v is)
interchange (ss v),

where u and v are variables.

The output specification for the sort2 program is
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sorr 2(r y) < - —  achieve x S y and perm ((x o y 0Xx y)) .

Here , p r m( (x 0 y 0Xx y))  means that the values of x and y are a permutation of their original
values x0 and Yo~ 

[In the following, we will abbreviate this condition as p erm((x y))  I This
condition is necessary because , were it omitted , the sor:2 program could achieve x s y simply by
resetting x and y, say to I and 2, respectively. However , the output specification for ‘this
program is to achieve two conditions at the same time; such goals require special treatment and
will not be discussed until the next section. The purpose of this section Is merely to illustrate
condicioaal formation in structure—changing programs. Consequently, we wi ll ignore the
permutation property and pretend that the output specification has only the one condition,
achieve r s v We will ensure that the permutation property is preserved by temporaril y
allowing interchan ge( r y) to be the only structure-changing primitive in our target language.

Our top-level goal is therefore

Goal 1: achieve r s y .

The achieve-eliminat ion rule,

achieve P -> prove P ,

transforms this goal to form the subgoal

Goal 2: prove x 
~ 

y .

We can neither prove nor disprove x < y 
-- x and y are inputs —— so we introduce a case

analysis based on this condition.

Case y ‘ x Here, we cannot ach ieve Goal 2, so we seek alte: late ways to achieve Goal
I Our interchange rule,

achieve P(u v) ->  prove P(v is)

in terc li an ge( u v) .

causes us to transform Goal I into

Goal 3: prove y s r
interchang e( x y)

Hrjwe ver , we are assuming that y < x in this case. Therefore , the subex pression prove y s x is
eliminated by app lying the rule

is ~ v —~~ true if u < v
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followed by the prove-elimination rule. Consequently, we generate the program segment

interchan ge(x y)

in this case. It ~ mains to consider the alternate case.

Case x 
~ 

y : Here, Goal 2, prove x S y, Is achieved by the prove-elimination rule, and

we are left with the empty program segment A

Our final program is therefore

sort2(r y) < — —  If y < x
then lnterchang e(x y)
else A

or , equivalently,

sor t 2(r y) < — —  If y < x
then interchan ge( x y)

C. The Weakest-Precondition Operator

In formulating the specifications for the sort2 program in the previous section, we avoided
including in the output specification the condition p erm ((x y)) otherwise, the top—level goal
would have been

ach levs x s y and perm((x y)) .

Special difficulties arise in approaching a simultaneous—goal problem, I.e., a goal of the form

achieve P i and P 2 .

where P 1 and P2 are to hold simultaneously. We cannot always decompose such a goal into a
sequence of two goals

achieve  P 1
ach ieve P 2 .

or

achieve P 2
achieve P 1
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because in the course of making the second condition true we may very well make the first
false. For instance , in the sor t2 problem, we can achieve x 

~ 
y by setting x to I and y to 2, and

we can achieve per in ((x y)) by setting x and y to their original values, but no concatenation of
these two programs will sort x and y .

To handle such simultaneous-goal problems properly, we need to analyze what effect a
given program segment has on the truth of a given condition. For this purpose, we define the
concept of the weakest precondition; we will then use this concept to formulate a program—
mod if ication techni que that will serve as the basis for our simultaneous—goal pr inciple .

If S is a program segment and P is a condition, we define the weakest precondition wp(S P)
to be the condition P’ such that

P ’ is true before executing S
if and only if

P is true afterwards.

(We will assume throughout that S terminates.) We will also call wp(S P) the result of passin g
P back over S. Thus, the weakest precondition for the execu tion of the program segment
x ~- x+ I to achieve the condition x � 2 is x+ I � 2, i.e., x � I. In other words,

w p ( r s - x+ l x � 2 ) is r � I .

We can represent the properties of the weakest-precondition operator by transformation
rules. Some of these rules tell how to compute the weakest precondition for particular
specification- or target—language constructs:

wp( A P ) -> P

wp ( u s - t P(u))-> P(t)

wp( intercha n ge( u v) P(u v))  -> P(v is)

wp ( if q then S~ else S 2 P ) —> (if q then wp (S 1 P)) and
(if not q then wp( 52 P))

wp ( tf q then S P ) -, (if q then wp (S P)) and
(if not q then P)

wp( 5 1 S 2 P ) -> wp( S 1 wp (5 2 P))

wp ( achieve Q P ) -> true If Q implies P .
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The weakest- precondition rule for the recursion construct does not tell us how to compute
the weakest precondition, but only how to prove by mathematical induction that a given
condition is indeed the weakest precondition for a recursive call. Suppose that flu) Is a call to a
procedure

f ix) < - —  B(x) ,

and that < is a well-founded ordering. Then, for any condition P(x) , we have

wp (f (s )  P( s) )  — P ‘(s)

if we can prove

wp (B(xY P(x)) - P ‘(x)

under the inductive assumption that

wp (flt) P(t)) — P’(t)

for any t such that t <x .  (Often, <is taken to be the well-founded ordering used to prove the
termination of f.)

In addition to rules that give the weakest prec ‘.nditions for the various programming—
language constructs, there are rules for computing the weakest preconditions for specific
conditions. For example,

w p(S true) — > true

wp(S false) ->false ,

wp (S P 1 and P2) ->  wp (S P 1 ) and wfr (S P2)

wp(S 
~°1 or P 2) -, wp(S P I ) or wp(S P2) and

wp(S not P) -, not wp(S P ) .

When a new construct is defined in terms of other constructs, we can often deduce the
weakest- precondition rule for the new construct. For ex ample, sort2(u v) is the program

if v < is
t hen interchange( u v ) .

Therefore ,

I
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wp ( sort2( u v) P(u v ) )
- wp ( i f  v < u then interchange(u v) P(u t O)
- if v < is then wp(interchang.(u tO P(u v)) and

if u s v then P(u v)
- I f v  < i s  then P(u u) and

if u s v then P(u t O .

We thus obtain t he sort2 rule

wp ( sort2(u v) P(u v) ) —, (if v is then P(v is)) and
(i/ u ~ v t/U n P(u v)) .

On the other hand, if we introduce a new construct into our specification or target language
that is not expressed In terms of other constructs, we must also provide weakest—precond ition
rules for the new constr uct. For example, we have used the construct fterm(l) to denote that the
values of the variables in a list I are a permutation of their original values; we must therefore
introduce rules such as

wp ( interchange(u v) per m(l) ) -> perm (l) if is and v belong to I

In other words , interchanging the values of two of the variables of the list does not affect the
permutation property. Similarly, we will introduce the construct only I changed to denote that
no variables other than those in I are changed by the program segment; we will also introduce
the corresponding rule

wp( u t only I changed ) .> only I changed if is s 1.

The weakest- precondition operator Is used to express many transformation rules that
manipulate structure-changing programs. Two regvess~on rules are obtained directly from the
definition of the weakest precondition:

S ->  prove w/ i(S P)
prove P S

and

S -~ achieve wp(S P)
achieve P S .

That is, to prove or achieve a condition P after a program segment S, one may Just as well
prove or achieve the weakest precondition wp(S I ’) before S.
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We have two additional rules for pushing goals back into conditional expressions:

(If q —> if q
then S 1 then S 1
else S 2) achiev e P
achieve P else 

~2
achieve P

and (consequently)

(if q —> if q
then S 1) ( hen S 1

achieve P achieve P
else achieve P .

Let us see how these concepts can be applied to obtain a systematic program—modification
technique, which will eventually be used in the simultaneous—goal rule.

The weakest-precondition operator of Dijkstra (1975] was motivated by
the program-verification technique of Floyd [1967) and Ho.rs [1969].

D. A Program-Modificatio n Techni que

Imagine that we have a program segment S that is a concatenation S i S2 of two instructions.
Suppose we wish to alter S to achieve some new condition P. The most straightforward
approach Is to add new instructions to the end of S that achieve the new condition; we may
describe the desired modification as

S I
S 2
achieve P .

However, according to the regression rule of the previous section, we may Just as well add new
Instructions to achieve wp(3 2 P) before 

~2; i.e., we can pass P back over S~, yielding

S i
achieve aip(S 2 P)

~

-

~

- - . --- -
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Similarly, we can pass wp( S 2 P) back over S~

achieve wp (S , wp(52 P))
S I
S2 .

Thus, we can make modifications at any point in S to achieve the desired condition.

For example, suppose that S is a program segment

,4- x
y ‘- y+ I

and t hat we want to modify S to achieve the relation y � 2; this modification task may be
expressed as

y ‘- y+ I
achieve y � 2 .

We can certainly achieve the new condition by adding an instruction (e.g.,, ~- 2) to the end of
the p. ~gram. But, by the regression rule, we can also transform the above task into

- X
achieve , � I
y *- y+ I

and then into

achieve x � I

y . - y + l .

(In the first transformation, we relied on the fact that wp( y 4- y+l y � 2)  is ,+l � 2 .  i.e.,, � I;
the second ste p relied on the fact that wp( y ~- x y ~ I ) Is x � I.) Thus, we can also perform
the required modification by adding instructions in the middle of the program (e.g.,, ~- I) or at
t he beginning (e.g., x .- I).

Of cou rse, a program segment modified by the above technique may no longer achieve the
purpose for which it was originally intended. Suppo se that a program segment S was originally
Intended to achieve some condition P 1. and we want to modify S to achieve a new condition P2
as well as the orig inal condition Pi. To ensure that the modified program still achieves Its
original purpose, we protect P~ at the end of S during the modifIcation process. This
modification task is denoted by
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S
achieve P2
protect P 1

The purpose of the protection condItion protect P~ is to block any modification that does not
allow us subsequentl y to prove the protected condition P 3. Let us see how such a protection
condition is checked .

Returning to the previous example , suppose in modifying the program segment

i- y÷ I

to achieve the new condition y � 2, we want to protect the condition x < y that the program
originally achieved . Our task can thus be described as

G o al l :  y~•~~
- y+ I

achieve y � 2
protect x < y .

We have seen that we can achieve the desired condition y � 2 by Introducing statements at the
end (~‘ g .  y 2) . the middle (e.g., y ~- I), or the beginning (e.g., r ~- I) of the program. To check
the’ protection condition for a proposed modification, we tr y to prove that the protected
condition still holds in the modified program. Thus, to see whether introducing y ~- 2 at the
end of the program violates the protected condition, we establish the subgoal

GoaI 2: y . - x
4- y+ I

)~- 2
prove r . c y .

This means that we must prove that x c y  holds after the executIon of the modified program.

In fact , we fail to prove this condition, so the proposed niodificatlon is rejected . Simi larly,
we cannot achieve the desired condition by inserting the statement , 4- I in the middle of the
program, because we fail to establish the corresponding subgoal

Goa13: y -. -x
,P o -  I

I

prove x < y .
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However , the third proposed modification, to insert x .- I at the beginning of the program, does
maintain the protected condition:

GoaI 4: X 4 - l
Y 4 - X
y 4 -y+ i
prove x <y .

Let us see in more detail how such a proof is conducted.

Applying the regression rule

S -~ ‘ prove wfr (S P)
prove P 5 ,

we develop the subgoal

GoaI 6~ xs- I
y 4 - x
prove wp ( y i- y+ l x < y )

4.. y+ I

The weakest -precondition rule for assignment statements,

w p( u .- I P(u) ) —> P(t) ,

eliminates the weakest-precondition operator:

Goai 6: r i- I

prove x <y r  I

Again app lying the regression and assignment rules, we obtain

Goai 7: r i - I
prove r <  r i  I

y.- y+l.

The condition prove x < r i l  can now be established by the rule

u < u+I —> ftue If u i sa number.
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Having verified the protection condition, we obtain the program

ri- I
y 4 - x
y ø - y +  I

which achieves both the original condition r <y  and the additional condition y � 2.

The previous diswssion neglected the strategic aspects of our program modification
technique. How do we divide our time between altering the program to achieve a new
condition P 2 and ensuring that a protected condition P 1 Is still achieved? The most
adventurous strategy is first to complete the modification necessary to achIeve P2, and then to
check that P~ still holds. This can be wasteful, however, because we may need to do a lot of
work modifying the program to achieve P2 before we discover that P 1 ii not achieved by the
modified program. A more conservative strategy is to check that the protection conditions are
maintained each time a new Instruction is inserted during the modification process; thus a
proposed modification that does not achieve P~ may be rejected quite early. For example, if Pi
is the permutation property perm(I), that the values of the variables in the list I are to be a
permutation of their original valves, we will admit modifications that interchange the values of
variables in I , but reject modifications that attempt to assign new values to these variables.
This conservative strategy is adhered to by our implemented system; It is a bit too restrictive,
because a modification that satisfies the protection condition only at the final stage may be
rejected if its protection condition is checked prematurely.

The above modification technique allows us to insert new instructions into the program
segment, but not to alter or delete any of the instructions that are already there. Such
modifications m~y sometimes be necessary, but they are beyond the scope of our technique.

The protection concept was used by Sussman [1975] as an approach to
plan formation by the successive debugging of nearly correct plans.

E. The Simultan.ou.-Goal Pr inoiple

We have remarked that when faced with a simultaneous—goal problem

achieve P 1 and P2 .

we cannot decompose the goal Into the linear sequence

achieve P~
achieve P2
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because, in the course of making P2 true, we may be making P , false. For the same reason , It
is not enough to reverse the order in which the goals are achieved. However, the program
modification technique o. the previous section gives us a way of solving such a problem. To
apply this technique, we first conStruct a program that achieves P 1; we then modify this
program to achieve P2 whi le protecting P~. The slwiultaneous—goaI rule that represents this
approach is

.

achieve P 1 and P 2 -> achieve P~
achieve P 2
protect P~

(Of course , the roles of P 1 and P 2 can be reversed.) This rule extends naturally to the more
general problem of achieving many conditions simultaneously; we consider P~ to be one of the
conditions, and P2 to be the conjunction of all the others.

The simultaneous—goal principle does not dictate which condition we attempt to achieve
first. In general, if we discover that one of the conditions is already true, we prefer to NachieveN

that condition first, protect it , and go on to achieve the others. Furthermore, we may have ru les

for specific sub ject domains that cause these conditions to be reordered.

Let us see how the simultaneous-goal rule applies to a new sorting problem; this time we
wish to sort three variables x , y, and z. The problem can be specified by

sort3 (x y z) <.- achieve r � y and y � z and perm((x y x))
where x , y. and z are variables with numerical values.

We will introduce the program sorr2( u v). which we constructed in the previous section, as a

primitive in the target language. Because the sort2 program was constructed to achieve the
condition is ~ v , we can include the sort2—formatlon rule

achieve is ~ v -> sort2~u u)

in our set of transformation rules. Because sort2(u v) was specified to maintain the condition
perm ((u v)) , we can add the sorl2—p erm rule

wp( sort2( u v) per n *(I) ) —, perm(1) If is and v belong to I .

The top-level goal for the sortS derivation Is

Goal 1: achieve r ~ y and y ~ z and perm((x y z)) .

We apply the simultaneous-goal principle, because the condition penn((r y z)) is alread y true , it
is the first to be achieved”:
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Goal 2: achieve perm((x y z))
achieve x ~ y and y � z
protect p er nt ((r y z)) .

Because pe rm( (r y z))  is true initially, we can eliminate the first task achieve perm((x y z)) by
applying first the achieve—elimination rule

achieve P -> prove P .

and later the prove -elimination rule

prove true -> A .

We obtain

Goal 3: achieve r �y and y ~ z
protect perm((x y z)) .

The first task , achieve r < y and y ~ z, is another simultaneous-goal problem; we again
apply the simultaneous-goal rule, arbitrarily attempting to achIeve the condition x ~ y first.

Goal 4: achiev e x s y
achIeve , 5 z
protect r ~ y
prote ct perm((x y z)) .

Applying the new sorc2-formation rule

achieve is s v -> sort2( u v)

to the first task , ach ieve x S y, yields

Goal Si sort2(x y)
achi eve y s z
protect r 5,
protect perm ((r y z)) .

We first attempt to apply the same rule to the second task, ach ieve , s z. yielding

Goal 6: sort2(r y)
sort2(y z)
protect x ~ y
protect psrm((x y z)) .
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However , in executing the instruction sort2(y z) we may violate the protected condition x ~ y
(In particular , if z was initially the smallest of the three values, then sorting, and z makes y the
smallest: x and y will now be out of order.) Therefore, we are forced to backtrack and consider
alternate means for achieving Goal 5.

By applying the regression rule

S -> achieve wp(S P)
achieve P 5 ,

we derive

Goal 7: achieve wp( sort 2(x y) y � z )
sort 2(x y)
protect r � y
protect per n((r y x)) .

We have already derived the weakest-precondition rule for the sort2 instruction; it Is

wp ( sort2 (u v) P(u v ) )  —> (If v u then P(v is)) and
(If u s v then P(u v)) .

A pplying this rule produces

Goal 8: achIeve (if y < x then x ~ z) and

(if x � y then y � z)

sort 2(x y)
protect r 

~ 
y

protect perm((x y z)) .

Intuitively, the first task of this goal,

ach ieve (if y <x  (hen r s z) and
(if x 

~ 
y then , s

is to achieve that the value of z is the largest of the three values: if this condition holds before
sort 2(x y) is executed , we know that the desired condition y < z will be true afterwards. This
task is still another simultaneous-goal problem, and is achieved by another application of the
simultaneous-goal principle. We will not d escribe In detail how this task is accomplished. The
resulting program segment is

if y r then sort2 (x z)
if r � y then sor t2(y z) .
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The corresponding goal Is

Goal 9: if ~ < r (hen sor t2(x z)
if x ~ y then sor t2(y z)
5or (2 (x y)
protect r S y
protect p erm((r y z)) .

It remains to check the protection conditions. Intuitively, the first condition r ~ y is satisfied
because it occurs immediately after the sor t2(x y) instruction, which achieves this relation. The
second condition perin ((x y z)) holds because it is true initially and It is preserved by the three
sor t ? instructions in the program. In practice , these conditions would be established by
app lication of the regression and weakest- precondition rules. (As we remarked , our

implementation checks these conditions repeatedly while the program is being modified rather
than waiting until the end of the derivation.)

The final program we obtain is

sortS(x y z) < ——  if y x then sort2( x z)
if x � y lien sort2(y z)
sort 2(x y)

This concludes our discussion of the simultaneous-goal rule; we will see further applications
of this rule in the next section , in the synthesis of a somewhat less trivial program.

An extended discussion of the simultaneous-goat problem appears in
Wald inger [1977). A stmi~ar approach to the problem was devised by Warren
(1974), but he did not use the weakest-precondition operator. Other methods
have been applied to the problem by Sacerdot i [1975] arid Tate (1975].

F. Recursive Programs

The structure -changing programs we have constructed so far contain no recursive calls.
Our next example illustrate s how the recursion-formation techniques we have Introduced
earlier can be applied ~o structure-changing programs.

We are asked to construct a program to find the maximum mar(a n) of an array segment
a(O : nl, the 1~” c~ n+ I elements a(O), oil] . . . .,  a[ n] .  The specIficatIons for this program may
be written as
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inax(a n) <-- ach ieve a/l(alO : ni) s z and
z a[O : n) and
only z changed

where a is an ar ray of numbers and
n is an integer and
O s  r

Recall that only z changed means that no variable other than z can be changed by the program;
in particular . this condition ensures that the final program will have no surprising side effects .
and that it will not satisfy its specifications perversely, say by setting z and all the elements of
the array segment to zero.

Our top-level goal is thus

Goal 1: achieve aU(a(O : nJ) ~ z and
z ~ a[O : n) and
only z changed

This goal has the form of a simultaneous-goal problem. The third condition, only z changed , is
of course true initially, so we decide to “achieve ” it first; it will then be eliminated by the

achieve— and prove-elimination rules The other two conditions may be approached in either
order . We obtain

Goat 2: achieve all(a[O n]) < z
ach ieve z E a(O n)
protect a/l(a(O : n)) ~ z
protect only a chan ged

Assume that we have the following three transformation rules that relate the all construct
and the arra y segment:

• The vacuous rule

P(all(a[u : w))) —> true if u > w

(any condition is true for ever y element of the empty segment),

• The singleton rule

P(all (a(u w J)) — P(a[u)) if is — ii

(a condition is true of every element of a “singleton” segment If the condition holds for that
segment ’s sole element), and
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• The decomp osition rule

P(all(a(u w))) —> P(all (a[u : ui— li)) and P(a[w]) if u < us

(a condition is true for ever y element of a segment containing two or more elements if the
condition holds for the final element of the segment as well as for every element of the initial
segment).

We focus our attention on the first task in Goal 2:

Goal 3: achieve all(a(O : n]) ~ z

The three all rules each match this goal. The vacuous rule requires that the segment be empty;
we know this is false by the condition 0 s n in the Input specification. The singleton rule
requires that the segment have but one element, i.e., that 0 — n; we cannot prove or disprove
this condition, so we make it the basis for a case analysis.

Case 0 ~ n (i.e., 0 < n) : Here, the singleton rule fails, but the decomposition rule, which
actually requires that 0 < n, succeeds in decomposing the goal Into the conjunction of two
conditions. These conditions may be treated separately by the simultaneous—goal principle,
y ieldin g

Goal 4: achIeve all(a[O : n— li) s a
achIeve a m )  s a
protect atl(a(0 : n—I) ) s a

We will consider t he three tasks of this goal in turn. The first task , to achieve

all(a(O : n—I )) s a ,

is an instance of one of the conditions of the top-level goal; therefore, the recursion—formation
rule proposes achieving it by means of a recursive call max(a n—I). The input and termination
conditions for this call are straightforward.

We now focus cur attention on the second task of Goal 4,

Goal 5: achieve c(n) s a

Before attempting to achieve a condition, the achieve-elimination rule always tries to determine
whether that condition is already true; we can neither prove nor disprove it, so we make It the
basis for a further case analysis

Case a c a(n) : In this case, we must seek alternate means to a~1ieve Goal 5. Recall that we
have a variable-a ssIgnment formation ru le



66 Structure -ChangIng Programs

achieve P(u) -> prove P( t)
u.- t for sorne t

where u is a variable and is an expression. Taking P(u) to be a(n)~ is, C to be a m ] , and u
to be a , we can achieve Goal 5 by the assignment statement

a .- a ( n)

because a m )  < a[n) .

[Note that we could also achieve Goal 5 by the array—assignment rule

a [ n)  .- z

or the sort2 instruction

sor t 2(a [ n)  a)

these solutions would be rejec ted, however , because they violate the protected condition only a
chan ged.)

Case a[n) s a : Here, the condition of Goal 5 Is already true, and can be “achieved” by the
empty program.

We have achieved Goal 5 in bot h cases; the conditional-formation principle yields the
program

if a < a(n) then a .- a m )

We have thus completed the second task of Goal 4.

We now proceed to consider the third task, which Is to check the protection condition

Goal 6: ~nax(a n - I )
if a a (n)
then a .- a m )
prove all (a[0 : n—I ] � a.

Applying the prove -regression rule

S -> p rove wp(S P)
prove P S .

the weakest- precondition rule for the If—then construct

__ _  
.
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wp( If q then S P ) -> If q then wp(S P) and
If not q then P

and the weakest- precondition rule for the ass ignment statement

u .- t P(u) ) —> P(t)

we obtain

Goal ii max(a n—I )
prove If z < a m )  then all(a(0 : n—I)) s a(n) and

if a m )  s a then all(a(0 : n—I)) s a
if z < a m )
then a ‘- a m )

Note that rnax(a n) was specified to achieve the condition

all(a[0 : fl)) S a

therefore , by mathematica l induction, the recursive call max(a n—I) can be assumed to achieve

all (a[ 0 n— I ))  ~ a

The second condition we are asked to prove .

if a( n) s a then aU(a[0 : n—I)) ~ a

follows at once. The first condition,

if a < a (n) then all (a[0 : n— I] ) s a(n)

follows directly by the transitive rule.

This completes the final task of Goal 4, and thus we have achieved the condition of Goal 3,

that all(a(0 : n)) � a , for the case where 0 < n .  The remainin g case is more easily dIsposed of.

Case n - 0 : Here , the segment aLO : n) has only one element, and the singleton rule
reduces Goal S to the following:

Goal 8: achieve a[0) � z

This condition is achieved by the assignment statement

as before.
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We have constructed program segments that achieve Goal 3 in each case; the resultin g
conditional segment is

if n - 0
then Z - a[0)
else ,nax(a n— i)

if a < a m )
then z .- a [n )

There are three additional tasks in Goal 2 that we must perform: We must achieve the
condition

2 ~ a[0 : ni

this condition is alread y true, and may be proved by application of the regression and weakest—
precondition rules. Next , we must check that the protected condition

all (a [ 0 : n)) s a

is satisfied; this is true , because we have just constructed a segment that achieves this condition,
and in “achieving” the additional condition a a[0 : n) we made no changes to this segment.
Finally, we must ensure that the protected condition

only z changed

is satisfied ; t his is true, because only assignments to a occur in the program we have constructed.

Having established the protection conditions, we are left with the final program

max(a n) .’z-- t f n .0
then a ~- a[0J
else max(a n — I )

if a a[n)
then a ~- a[n)

G. The Mod ifloat ion of Recur sive Programs

The program-modification technique we introduced for loop-free programs extends
naturall y to permit the modification of recursive structure-changing programs.

A ssume we are given the program max(a n) constructed In the preceding sectio,:; this
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program finds the value of the maximum element in an array. Suppose that we wish to extend
that program to obtain a new program maxlndex(a n) for finding the Index of that maximum
element as well as Its value. In other words, we want to modify the program max to achieve the
new condition

a[y ) — a and 0 ~ y s n

while protecting the original condition

all (a[ 0 : n)) ~ a an d a £ a[0 : n]

t hat the program was intended to achieve. Note that we do not protect the condition only a
chan ged that the program originally achieved; this is because we want to change the value of,
as well as a . Instead , we include

only y ,  a changed

among the new conditions to be achieved by maxindex .

Our modification task is thus specified as follows:

maxindex (a n) <-- if n - 0
then a .- a(0)
else mar inde r(a n —I )

if a < a [ n]
then a ~- a[n)

achieve a[ y) - a and 0 s y � n and only,, a changed
protect aU(a[0 : n)) � a and a s atO : n)

w here a is an array of numbers and
n is an integer and
O s n .

Here, we have replaced the recursive calls to max , the old program , by recursive calls to the
extended program marindex. Goal I is formed directly from these specifications, and will not
be copied here.

Note that it is quite necessary to protect the condition all(c(O : n)) S a; otherwise, we could
achieve the new conditions by perversely resetting z to aEO) and setting y to 0. The second
condition, on the other hand, is actually redundant; if aly) — a and 0 � y s n, then certainly
a a[ 0 : n).  A pplying the usual regression and weakest-precondition rules, we derive

____________ - - — —-----—-— . —~-—- .—-.— ————
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GoaI 2: i f n - 0
then achieve a[y) - d O)  and 0 s y  s n and only y .  a changed

a ‘- a[0)
else ,naxinder(a n — I)

l f z  < a[n]
then achieve a[y) - a(n) and 0 s y � n and onlyy , a changed

a .- a m )
else ach ieve a[ yJ - a and 0 s y  � n and only,, a changed

protect all (a[0 : n)) s a and a c a(0 : n]

The task

achieve a[,) - aEO) and 0 � y s n and only y ,  a changed

which occurs in the branch for which n - 0, is found to be achieved by the assIgnment

y . -  0 ,

by application of the simultaneous-goal principle and the variable-assignment formation rule.
Similarly, the task

ac hieve a(y ) - a m )  and 0 s y s n and only y ,  a changed

which occurs after the recursive call in the case a < a(n), is found to be achieved by the
assignment

‘4 - n .

Finally, the task

achieve a(y) - a and 0 s y s n and only y ,  a chan ged

occurs immediately after the recursive call maxlndex(a n—I )  in the case a(n) s a. The recursive
call can be assumed Inductively to achieve the condition

a(y) - a and 0 sy  � n—i and only , ,  a changed ;

thus , the desired condition is already true.

The protected condition

all(aIO nJ) � a and a aLO : n)

which was achieved by our original program max(a n) , has not been affected by any of our
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modifications; the only instructions we have added are assignments to y. The final maxindex

program we obtain is thus

maxlndex(a n) c.u’ I f n s O
then , 4 - 0

Z 4- a(O)
else maxlndex(a n—I)

If a < a m )
then y ~- n

a.- amn) .

The modification of recursive programs can be initiated by the simultaneous—goal principle
if the program constructed to achieve one of the goal conditions happens to be recursive.
However , modification of a given program may also be regarded as an Independent
programming task; this application Is discussed further in Section 5G.
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5. IMPLICATIONS FOR PROGRAMMING METHODOLOGY

In program synthesis as we have defined it, a person formulates the purpose of the program
he wants without indicating a procedure to achieve that purpose. in practice, even the most
computationally naive user of a program-synthesis system is likely to have some Idea of an
algorithm that could be employed by the desired program. This algorithm may not be entirely
satisfactory ’ it may not achieve all the desired conditions , it may be incompletely specified, or it
may lead to an inefficient program. Nevertheless, it would be foolish to prevent the user from
conveying this information to the system, because it is easier to derive a program from a
partially specified algorithm than from a specification that expresses only the program’s
purpose. In this section, we will show how the program-synthesis techniques we have alread y
introduced can be applied to transform a partially specified procedure into a complete program.

Actually , we have already seen some exam ples in which the specifications had a procedural
component. in the maxindex examp le (Section IC). our specifications were given in the form of
a complete mar program with some additional conditions to be achieved . In the reverse

exam ple (Section SC), the specifications were composed of a complete reverse program, which
was transformed into a more efficient equivalent. These exam ples were introduced to illustrate
particular program-synthesis techni ques . The emphasis in this section will be on the actual
task performed.

We will consider separately three ways in which the procedural components of a
specification can be presented.

• Program transformation . The specifications are given in th. form of a clear——perhaps
inefficient-- program, which Is then transformed into an efficient——perhaps unclear——
equivalent.

• Data abstraction . The specifications are given in the form of a complete program that
operates on certain abstract data types , structures (such as sets , stacks , or graphs) whose
properties are expressed precisely but whose machine representation is unspecified; the
program is then transformed to rep lace each operation on the abstract data types by a
corresponding concrete operation on a chosen machine representation.

• Program modification. We are given a complete program that performs one task successfully;
we wish to extend the program to achieve an additional condition, while still performing
its original task.

Although we consider each of these topics separately, the same techniques can be applied to
transform a procedure whose description is subject to all three modes of Imprecision. In other
words, the given specifications cou ld present an inefficient procedure. ex pressed in terms of
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abstract structures , that needs to be extended to achieve additional conditions. Of course, there
are other ways in which the description may be imprec ise besides the three we will discuss here.

A. Transformation: Programs -> Botter Pro grams

Often the clearest , simplest program for a given task may not be the most efficient; if we
attem pt to construct an efficient program for the task at once, our result is likely to be unclear,
and perhaps incorrect as well . It has been suggested, therefore, that we construct our program
in two stages: we begin by setting efficiency considerations aside for awhile; we construct as
clear and strai ghtforward a program as possible. We then transform this program to make it
more efficient , possibly losing some clarity during the process.

It is argued that the programs produced in this way are more likely to be correct than
programs produced by the conventional one-phase method. The first version is likely to be
correct by virtue of its clarity; the second version is produced by the application of
transformation rules that preserve the correctness of the first version while improving Its
efficiency.

We have already seen program-synthesis techniques applied to a transformation problem, in
Section 3C. In that exam ple, we were given the following program for reversing a list:

revers e( l) <.— If empty( l)
t hen nil
else appe nd(re verse(ta.i l(l))

lis t(head(l)) )

append(l i ~2) < — —  If empty (l i)
then 12
else cons(hea4(l 1)

append(tall (l ,) 12))

Treating this program itself as the specifications, we deve loped the following system of two
programs for performing the same task:

reve rse(l) ~~— — if emp ty (l)
then nil
else r everseg en(l nil)

where
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reversegen(l in) <.—  if empty(ta il (l))
then cons (/t ead(1) m)
else re versege ri (z a il (l)

cons (head( l) m))

The original reverse program is quite inefficient : each execution may require many calls to the
append program; each of these calls to append produces a new copy of its firs’. argument. On
the other hand , in the final system of programs, the ex pensive append operation is replaced by
the economical cons. Furthermore , the recursion is of a special form that can be evaluated
without the use of a stack ; in fact , this system can be converted to the following iterative reverse
program by application of a recursion-removal transformation rule

re vers.(l) c — s  if empty (l)
then out f~ut(ni 1)
else in - nil

while nor emp ty (tail (l))
do in .- cons (head(l) m)

I .- tai l(l)
out pu (cons(hea d (l) in))

By exploiting the properties of the operations in the original reverse program, we have

managed to transform it to a more efficient program that achieves the same purpose by a
fundamentally different method.

In this example , our specifications were given in the form of a complete program, with no
other indication of the purpose to be achieved. We were fortunate to perform the same task by
an entirely different and more efficient method, in general, If the specification of the program
Is purely procedural, such radical Improvements are difficult to achieve; In omitting any
statement of purpose from the given specifications we are biased toward adopting the algorithm
of the given program, Instead of seeking to achieve the same purpose in a new way.

For example , suppose that we want to construct a program to sort a list of numbers. Our
descri ption of the desired program might be

sort(l) < - -  If emp ty(l )
then nil
else merge(/iead(l) sort(ta..l(l)))

w here
mer ge(x I) c — s  if emp ry(1)

then ~is1 (x)
else If x s h,a4(l)

then cons(x I)
else cons(head( 1)

merge( r tail(1)))
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The sorting method employed by this program is intrinsically Inefficient. The program
contains no ex plicit statement that the list it produces is intended to be ordered. Without such
a statement , it is difficult to imagine a system stumbling across a more efficient sortIng method.

A more practicable approach would be to have the user specify the purpose of the given
program along with the program itself. The system would then apply correctness— preserv Ing
tra nsformations , which could alter the given program to achie ve the same purpose in a
fundamentally different way.

The pure program-transf ormation approach has been advocated by
Burstall and Darlington [1977], Knuth [1974], Standish et al. (1976), and
others. Gerhart [1975) introduces a system of correctness-preserving
transformations. An experimental system to improve programs by successive
transformation was implemented by Darlington and Burstall [1976).

B. Abstract Data Structures

Out of the different diagnoses of the causes of our programming ills, there arise different
therapies One school of thought attributes much of the difficult y of programming to the
process of encoding high-level data structures in terms of the constructs available in the target
programming language.

A ccording to this school, we design an algorithm in our minds in terms of abstract data
structures , structu res such as sets , queues, or graphs whose properties are specified but whose
precise implementation is undetermined . in these terms , the “mental algorithm” Is
strai ghtforward and easy to formulate.

The difficulty arises when we attempt to express our mental algorithm in terms of the
primitive constructs of the target language, such as arra ys or lists. Because the machine
re presentations at our disposal do not correspond precisely to the abstract data structures of our
mental algorithm, an act of paraphrase Is involved in the programming process. We must
simu ltaneously formulate our algorithm and express it in terms of machine operatIons.
Furthermore , there are often many possible implementations for the same abstract data
structure , only after we have completely described our algorithm in abstract terms, and can see
what operations are to be performed on the structure , can we decide which implementation will
lead to the most efficient program.

It has therefore been proposed that we construct our program In two stages: we began by
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construct ing a clear program in terms of the abstract data structures of our mental algorithm;
only then do we choose a representation for the abstract data structures , and transform our
program according ly For instance , we would first ex press our algorithm in terms of high—level
operations such as popping an element from a queue or adding an element to a set; then we
would decide how to represent the queue or set , as an array or list, say. Facilities might be
provided to perform the required transformations automatically, or at least to ensure that they
are done correctly.

The transformation process may be regarded as a program-synthesis task. The specification
for this ack is the program ex pressed in terms of the abstract data structures; the operations on
these structures are considered to be nonprimitive Constructs. The properties of the abstract
data structures and their operations are stated as transformation rules. The final program wil l

be equivalent to the original, but all the nonprimitive abstract operations will have been
reformulated in terms of primitive target—language constructs.

For exam p le , suppose we are writing a program that deals with queues as an abstract data
structure. We may have three operations on a queue: a push operation, which inserts an
element at the end of the queue , a top operation , which produces the first element of the queue;
and a ~~~ operation , which removes the first element from the queue. In formally, we can
represent the properties of these operations by the rules

p ush ( y queue( x i . . .  x 1~)) -> queue( x~ . .  x~ y)

eop (queue (y X i . . .  x~ )) ->  y if queue(y X i . . .  x~) is nonempty

pop (queue(,y x 1 . . .  rn)) ->  queue( x , . . .  X n) if queue~y x 1 . . .  x~ ) is nonempty.

Now , suppose that we have written our program in terms of abstract queues, but that our
target programming language requires us to represent our queues in terms of lists. The obvious
re presentation is to encode the queue directly as a list, i.e.,

encodel (queu e( x 1 . r,~)) .> Iist(x 1 . . x ,~)

An alternate representation is to encode the queue as a list with the elements reversed , I.e.,

encode2( queue( x i . X ,~)) > l is t (r n . ..  x~)

A ssume that we have thosen the first encoding.

To our encoding operation encode I there corresponds the opposite decoding operation

dec’odel( l ist (x p . . X~ )) — ,  queue(X. . x 1~)
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Our synthesis task Is now to construct concrete operations on lists that correspond under our
chosen encoding to the abstract push , top , and pop operations, i.e.,

p ush i (y  I) < — — en codel (p ush (y decodel (l)))

top 1( 1) < — —  top(decode l (l))
where deco del ( I) is nonempty

pop l (I) <- - encode I ( pop (decod e 1(1)))
where  decode 1(1) is nonempty,

where I is a list. We can consider these descriptions as specifications for a synthesis task In
which pus h . top , p op , encode l , and decode l are all regarded as nonprimitive constructs. By
including the rules describing the properties of these constructs among ot~r transformation rules,
and app lying our usual program-synthesis techniques, we obtain the following concrete
implementations:

push I(y 1) c —— if empt y (1)
then list ( y)
else cons(head(I)

push (.y tall (l)))

top 1(1) c— — head( l)

and

p o p l ( I )  c — —  ta il (l)

The final program is then obtained by replacing the abstract operations p ush, top , and pop
by the concrete implementations push I , top ! , and pop l In the given program.

In this implementation , top I and pop l may be executed directly, but pus /i l involves
searching down the entire queue. Therefore , we might choose this implementation if the top
and pop operations must be performed quickly, but the push operation Is permitted to take
more time.

If the reverse situation is the case, and push is the more critical operation, we may choose
the alternate representation, in which the elements of the queue appear on the list in reverse
order, i ~~~,

encode2(queue( X i . . . x~ )) —> llst(r~ . ..  x 1)

The corresponding implementations that result are

_  -
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push 2(y I) < — —  cons (y 1)

to p2(1) < — —  if emp y (ta il (I))
then head (l)
else top2 (tail (l))

and

p op2 (l)  < — —  if emp t y (tail(l))
then nil
else cons(head( l)

p op 2 (tai l ( l) ))

In this representation , the push operation becomes quite economical, but the top and pop
operations become correspondingly more expensive.

The problems that arise in translating abstract data structures into concrete representations
require all the synthesis techniq ues we have considered. However , these problems are of a
more limited scope and require less invention than the more general synthesis problem. It is
likely that program—synthesis techniques will become practica l for such relatively restricted
problems long before the general problem is solved.

The data-abstraction methodology has been investi gated extensivel y (see ,
for examp le, Liskov and Zilles [1975] and Gutlag, Horowitz , and Musser
[1976]) . Systems in which the representations for certain abstract data
structures are selected auto maticall y have been imp lemented by Low [1976)
and Schwartz (1974) . Our queue examp le follows Hewitt and Smith [1975], at
a safe distance.

C. Program Modification

It is often remarked that programmers spend more of their time in modifying old programs
to achieve additional purposes than in constructing new programs. These modification tasks
are conce ptually far less challenging than the original programming effott. However , a
programmer is especially prone to err in modifying a program: For one thing, if the original
program is comp lex , it may be difficult to find all the points at which changes must be made.
Furthermore, the programmer may not know or remember how the program works; he may
interfere with its original functioning in introducing the required changes.
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Thus, the difficulty of program modification may be attributed to its complexit y as a
bookkeeping chore rather than to its challenge as a creative endeavor. For this reason,
program modification is another area in which program—synthesis techniques are likely to find
their earliest app licat ion.

We have already introduced a program—modification technique, using protected conditions,

as a basis for our simultaneous-goal principle En program synthesis. This technique can also be

applied directly to the program—modification task. Thus, we modify the given program to
achieve a new condition, w hile protecting the condition the program was originally Intended to
achieve.

We hav e seen one examp le (in Section 4G) in which our program-modification technique
was applied to extend a program for finding the value of the maximum element of an array, to
also find the index of that element. The original program,

max(a n) < - -  if n  - 0
then z .- a[0]
else ,nax(a n— I )

if z < a[n)
then z ~- am )

was constructed to achieve the condition

a/ l ( a 0 : n)) < z and z ~ a[0 : n) and only z changed.

This program wa~ then modified to achieve the additional condition

z - a(y) and 0 � ‘ ~ n and only y ,  z changed

while still maintaining two of the original conditions,

all(a(0 : fl ’) and z a[0 n)

This modification task was specified as

maxzndex (a n) <-- if n - 0
then z .- a[0)
else max lndex (a n —I )

If z < a m ]
then a .- a(n)

achieve a[y] - a and 0 
~ 

y ~ n and only y .  a changed
protect all(a[0 : n)) ~ a and a cEO n]

The achieve task ensures that the modified program will fulfill its new purpose, and the
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protect task guarantees that in modifying the program we will not Interfere with its original
functioning.

From the above specification, we obtained the modified program

maxindex(a n) <-- if n - 0
then y ~- 0

z ~- aWl
else maxindex(a n—I )

if a < a(n]
the n y . - n

a .- a m )  .
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8. LOOSE ENDS

A. A Footnote on Structured Progr ammin g

In program synthesis we attempt to reproduce by machine the same process that is carried
out by the “structured programmer by hand. However , the basic programming principles we
employ in this paper are not merely machine implementations of the principles of structured
programming. Let us briefly examine the derivation of a program in the sty le of a structured—
programming practitioner , to illustrate some of the essential differences.

The program exp(x y) we construct is intended to set the value of the variable a to be the

ex ponential xY of two integers x and y , where x is positive and y Es nonnegative. We assume
we are given a number of properties of the exponential function, including

uV _ l  i f u . O a n d v - 0 ,

— (u. u)v~2 if v is even , and

uL
~ — u.(u.u) ’~

2 if v is odd

where u , v , and w are any integers. Here, + denotes integer division. Written in our notation,
the top—level goal of a structured-programming derivation is

Goal A: achieve a - xY

(where the exponential function u~ is considered to be nonprimitive). This goal can be
decomposed into the conjunction of two conditions

Goal B: ach ieve z .xxYY - xY and y, - 0.

The motivation given for this step Is that , initially, we can achieve the first condition

z• xxYY — xY easily enough (b y setting xx to x , y, to y, and z to I~ If we manage to achieve the
second condition y, - 0 subsequentl y, while maintaining the first condition, we wi ll have

achieved our goal.

For this purpose, we establish an iterative loop, whose Invariant is z’xxYY — xY and whose
exit condition is yy - 0; the body of the loop must bring yy closer to zero while maintaining the
inva: iant

By ex ploiting the known properties of the exponential and other arithmetic functions, we

are led ultimately to a final program, e.g.,
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exp(x y) <--  (xx yy z) 4- (x y I)
while yy 0 0
do if even( yy)

then (xx yy) .- (xx . xx yy+2)
else (xx y, a) .- (xx. xx xx~ a).

The weak point of this derivation seems to be the passage from Goal A to Goal B. This
step is necessary to provide the invariant for the loop of the ultimate program. However , how
do we know to use this invariant unless we already know the final program in advance? Why
should we generate this goal instead of one of the following, equally plausible alternatives;

Goal B 1 : achieve a + xxYY - xY and xx - 0
[to be initialized by (xx yy a) ~

- (x y 0)],

Goal 82 : achieve 1YY - xY and y, -
[to be initialized by (yy a) ~- (y x)), or even

Goal B3: achieve (z .xx)YY - xY and xx - yy - I
[to be initialized by (xx yy a) - (x y I)  or by (xx yy a) .- ( I  y x)) ?

Each of these steps can be motivated by the same considerations that justified the generation of
Goal B , but none of them leads to an ex ponential program so readily.

Our instructors at the Structured Programming School have urged us to find the
appropriate invariant assertion before introducing a loop. But how are we to select the
successful invariant when there are so many promising candidates around?

The corresponding derivat ion of the same program by the program-synthesis techniques of
this paper requires no such precognitive insights. By using the same properties of the
arithmetic functions that were exploited in the structured—programming derivation, we can
reduce

Goal A: com pute x~

to the two subgoals

Goal B: com pute (x.x ~~
2

(in the case that y is even) and
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Goal C: compute

(in the case that y is odd). Only after we observe that the subexpression (x.x)P2 , which
occurs in both subgoals, is an instance of the ex pression xY in the top—level goal, do we actually
decide to introduce a recursive call exp(x.x p2) to compute these subexpressions. The
resulting program is

exp (~~y)~~-. if y . 0
then x
else if even(y)

then exp(x .x y+2)
else x .exp (x .x p2)

This is a recursive version of the previous iterative exponential program, and can actually be
tranSformed into that program by standard recursion—removal techniques.

The recursive calls in the above program arose naturally from the tree of goals in the
derivation , and the structure of the final program reflects the structure of that tree. In contrast,
the derivat ion tree for the iterative program had to be forcibly manipulated to induce the
invariant to appear.

Recursion seems to be the ideal vehicle for systematic program construction; its use accounts
for t he relative simplicity of the above derivation. In choosing to emphasize iteration Instead,
t he proponents of structured programming have had to resort to more dubious means.

The principles of structured programming have been described often in the
literature , e.g., by Dahi, Dcjkstra , and i4oare [1972), Wirt h (1974), and Dij kstra
[1976].

B. Imp lemen tation

It is difficult to develop or evaluate heuristic techniques without experimenting with an
implementation. The DEDALUS (DEDuctive A Lgorithm Ur-Synthesizer) system is a
laboratoi y tool rather than a practical product. The system is implemented In QLISP (Wilber
( 1976]), an extension of INTERLISP (Teitelman [1974)) that includes pattern—matching and
backtrac k ing facilities. In this sectior , we will describe some of the special characteristics of our
implementation without going into very much detail.
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The specifications are expressed in a LISP-like notation. Thus, the output specification for
the lessal l program, which we wrote as

x < all( l )

is represen ted in the DEDA LIJS system as

(LESS X (ALL L)) .

The output specification for the gcd program, which we wrote as

in ax{ z aix and z~ }

is represented as

( M A X  (SETOF Z (A N D (DIVIDES Z X)
(DIVIDES Z Y)))) .

The target program is also expressed In LISP syntax.

The transformation rules are expressed as programs in the QJ..ISP programming language.
For examp le, the rule that we denoted by

P and true -> P

is represented by the QJJSP program

(QLAMBDA (AND .-P TRUE) IP) .

The rule we wrote as

ulv — >  true — if u Is an integer and u — 0

is expressed as

(QJ ..AMBDA (DIViDE .-U .-V)
(INSIST (PROVE (‘(INTEGER SU))))
(INSIST (PROVE ( ‘(EQ ,,UAL $V 0))))
TRUE) .

Althou gh the reader who Is unfamiliar with the QLISP languag e may not understand all the
details of the above programs. he may stIll observe that they are similar in form to the rules
that they represent; the features of the QJ..ISP language make this representation fairly direct.
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Because rules are represented as programs, we are allowed the full power of the programming
language in expressing each rule.

The DEDA LUS system currently contains more than a hundred such transformation rules.
In ex panding the system to handle a new subject domain, we simply Introduce new rules.

The rules of the system are classified according to their pattern , their left—hand side. This
pattern describes the class of subgoals to which the rule can be applIed. Thus , the rules

u$v —> true if

and

ulv -> ulv—u if

both have pattern ulv , and can be applied to goals such as

compute r I y+z .

When a new goal is generated, the system retrieves those rules whose patterns match the form
of the goal. This retrieval is facilitated by arranging the rules in a classification tree according
to their patterns; thus the two rules above would be classifIed on the same branch of the tree.
This mechanism allows us to avoid matching every rule in the system against ea1ch newly-
generated goal.

If no rule matches the entire ex pression of a goal, its subex pressions are established as
subgoals. If no rule matches any subexpres.sion of a biven goal , a failure occurs, and
backtracking is invoked; the system attempts to find an alternate transformation that applies to
a previous subgoal.

The QLISP pattern-matcher has special provisions for matching commutative functions.
Thus , because the and operation is commutative , the rule

P and true -> P ,

represented as the QIJSP program

(Q.LAMB DA (AND .-P TRUE ) *P) ,

can be applied to goals of form “true and P” as well as “P and true” . For this reason ,
commutat ivity rules such as

P ond Q-> Qand P
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are not necessar y in the DEDALUS system.

This kind of matching also occurs in the recursion-formation rule, in determining whether a
new goal is an instance of some earlier goal. For example, in the actual synthesis of the gcd
program , the top—level goal

compute max { z :  aix and z&}

wa s regarded as an Instance of itself with the roles of x and y reversed , because the and
function is commutative. The recursion-formation rule, therefore, was able to propose the
recursive call gcd (y x).

Currently, the DEDALUS implementation incorporates the principles of conditional
formation , recursion formation (including the termination proofs), and procedure formation, but
not generalization or the formation of structure-changing programs. The techniques for
deriving straight-line structure—changing programs were implemented in a separate system (see
Waldinger (19 77)).

Representative samples of the programs constructed by the current DEDALUS system are
the following.

Numerical Programs:
• the subtractive gcd algorithm
• the Euclidean gcd algorithm
• the binary gcd algorithm
• the remainder of dividing two integers

List Programs:
• finding the maximum element of a list
• testing if a list is sorted
• testing if a number is less than ever y element of a list of numbers (lessall)
• testing if every element of one list of numbers Is less than ever y el~ment

of another (allah )

Set Programs:
• computing the union or intersection of two sets
• testing if an element belongs to a set
• testing if one set is a subset of ano ther
• computing the Cartesian product of two sets (cart) .
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C. Historical Remarks

In this section we trace briefly the history of the deductive approach to program synthesis.

The early heuristic compiler of Simon [I96S] constructed simple straight—line list—processing
programs from descriptions of the expected input and desired output; the system was based on
the General-Problem-Solver approach.

A later group of systems was based on the resolution theorem—proving approach: the
specifications for the desired program were translated into an equivalent theorem—proving
problem, and the desired program was derived from the corresponding proof. (See, e.g., Green
[1969), Wa ldinger and Lee [1969), and Lee, Chang, and Waldinger (I974).) These systems
could produce conditional programs. bul their loop-formation ability was rudimentary; the
required mathematical-induction proofs were awkward to perform in the resolution formalism.
Efforts to improve the synthesis of loops within a (nonresolution) theorem—proving approach
are described in Manna and Waldinger (1971).

A program—synthesis system based on the program—verification formalism of Hoare (1969) Is
described by Buchanan and Luckham (1974). Their system was Implemented using some of the
facilities of PLA NNER (Hewitt [1971)); it required that the loops be specified In advance by
the user.

The more recent work in program synthesis is too extensive and too varied to be
summarized here. Papers related to aspects of the deductive approach are mentioned In the
appropriate sections of the text; some of the other approaches are discussed In the next section.

D. Other Approaohe~

The program-synthesis approach we have followed requires that we provide complete
spe~iuicatior~s for the desired program expressed in an artificial language. It has been argued
that these specifications are difficult to provide, and many alternate approaches have been built
around different specification schemes.

• Sample input—output pairs. In this approach (e.g., see Hardy (1975), Summers [l977)), the
program is described by giving typical inputs and the corresponding outputs. Thus,

( A B C )-> ( C BA ) ,  (A (B C) D) -> (D (B C)A )

suggests a program to reverse a list. Such specifications are natural and easy to formulate.
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However , in constructing the pairs one must be carefu l to avoid ambiguities; for Instance the
pairs

(6 1) — > 2 ,  (l~~7) —> 6 , (23 13) —> 10

could represent either the subtraction or the remainder program. Furthermore , the approach
demands that the system be able to generalize from examples, not always an easy task; for
instance , it is not immediately obvious that

(2 2) — > 4 , (3 6) —> 6 , (7 1) —> 7 , (l4 2I) —> 42

denotes a least-common—multip le program. Moreover , the generalization task is redundant: the
system is trying to guess a relation that the user knows perfectly well, but is unable to ex press
directly in this notation.

• Sample execution traces. In this approach, the user provides a detailed trace of the
performance of the desired program on some typical inputs. (See, e.g., Biermann and

Krlshnaswamy [1976].) Thus, the trac e

(12 l8) -~(6 l2) -. (0 6) -4 6

indtcates the Euclidean algorithm for the gcd function. Here, the possibilities of ambiguity and
the burden on the system are reduced, but the user himself Is required to design the algorithm
to be employed.

• Predicate—lo gic language. This is a direct descendent of the theorem-proving approach.
The specifications for the program are expressed as resolution—style clauses; the system then
trans forms these clauses into another , equivalent set of clauses , which can be regarded as the
desired program. (See, e g., Kowalski [1974), Clark and Sickel [19771) We question whether
the clause form has the notational flexibility to serve as a suitable specification language; for
exam ple, many of the constructs we use in our specifications would not usually be permitted in
a predicate—logic clause.

• Synthesis by debu ggin g. Human programmers produce their programs by the successive
debugging of nearly correct programs. It has been proposed that a synthesis system could
benefit by imitating this process. in this way, it could focus its attention on the main features
of a problem, postponing consideration of the details until afterwards. Such techniques have
been applied to the construction of robot plans (Sussman (1975)) and electronic circuits
(Sussman (1977]), for examp le but not to the solution of more typIcal programming problems.

• Synthesis by analogy, it is unusual for a programmer to construct a program from its
specifications by a purely deductive process; normally, he attem pts to apply techniques extracted
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from previous solutions to similar problems. Thus, he might compute the square root of a
number by a binary-search technique extracted from a previous program to divide two
numbers. Most of the work on this approach (e.g., Manna and Wald Inger (1975), Dershowitz
and Manna [ l977 J, and Ulrich and Moll [19 77)) requires that a close syntactic correspondence
be found between the specificat io1~s for the two programs; this correspondence then provides a
basis for transforming the previous program to solve the new problem. To be more effective ,
these techniques must be strengthened to take advantage of looser similarities.

• Au tc ’ma t ic p ro gramming. It has been claimed (e.g., see Balzer [1972]) that , for a complex
programming task , it is unrealistic to expect the user to formulate complete, correct
specifications for the desired program. In specif ying an airline—reservation system , an operating
system , or a spacecraft—guidance system , for examp le, we are unlikely to anticipate the desired
behavior of the system in every possible situation. In some systems , the specifications for the
program are formulated gradually through an extended dialogue between the user and the
system. (See , e.g., Green [19 76), P,arstow [1977), Balzer et al. [19 77), or the survey of Heldorn
[1976).) The dialogue is continued during the program-construction process, so that the user
can resolve any ambiguities or inconsistencies the system might discover. Typically, these
systems attempt to play the role of an expert programmer—consultant , and they tend to rely more
on built-tn knowledge than on deductive processes. By admitting natural language as a
communication ve hicle, automatic-programming systems avoid the necessity of specifying
programs in an artificial formalism; however , they add to the problem of program construction
the not inconsiderable difficulties of natural—lan guage understanding.

A survey of various approaches to automatic program construction can be
found in Biermarm [1976].

E. Unsettled Questions

Many of the techniques we have presented in thi~ paper bring to mind questions that have
not been adequatel y answered. Some of tt’ese are mentioned here.

• Conditional—formation. We have introduced a case analysis , and consequently a conditional
expression , when we failed In an attem pt to prove or disprove some condition. This attempt ,
however , may be somewhat time-consuming, as it involves exhaustin g all the rules that might
app ly to the condition. Moreover , there are certain sitti~tions in which we can see in advance
that the theorem- proving effort is doomed to failure. For example, If we can find a legitimate
input that will cause the condition to be true, and another that will cause the condition to be
false , it is clear that we can neither prove nor disprove the condition. Is is possible to recognize
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some of these situations quickly, thus avoiding the expense of a pointless theorem—proving
effort?

• GeneralIzation. We formed a generalized procedure when we discovered that two subgoals
were an instance of a “somewhat ” more general ex pression. For all the examp les in this paper ,
the only generalizations we require involved replacing a constant by a variable, or replacing
one occurrence of a variable by a new variable. In some cases, however, it is necessar y to
replace a complex term by a new variable. On the other hand, if the specifications for the new
procedure are too general. it may be impossible to construct a program that satisfies them.
What limits shall we set on the extent of generalization we permit?

• Termination. in forming simple recursive programs, it is always possible to establish
tirmination by finding a well-founded ordering between the input of the program and the
arg.iments to its recursive calls. Methods for finding this well-founded ordering during the
deri~ ~tion process have been discovered and implemented in the DEDALUS system. However ,
we have seen that , to prove the termination of systems of mutually recursive procedures , it is
necessar y to find termination functions that map all the inputs and arguments into a single
wel l—founded set. How are we to find these termination functions and the related well—founded
set during ~he synthesis process?

• List-manipulating programs. We have introduced techniques for forming programs that
mani pulate data structures. In our examples , however , the only data—structure manipulation we
perform is the assignment of values to variables. The same techniques can be applied in a
straightforward way to construct array-riianipulating programs. Can these techniques be
extended to develop programs that change the structure of lists , graphs, and other complex data
ob ,ects~ The in-place list-reversing program and the Schorr-Wa ite garbage collection
algcrithm are programs within this ca ’egor y.

• Simultaneous goals. The techniques we develop for achieving more than one goal
simultaneously presuppose that the transformation rules at our disposal can focus on only one
goal at a time, so that the various goals must be achieved , and protection conditions checked, in
se parate stages. Couldn’t we devise transformation rules that, while trying to achieve one
condition, consider ~‘hat conditions have been protected, and what other conditions have yet to
be achieved ’ Thus , a rule that was about to introduce an assignment statement into the
program might check whether it is permitted to change the variable.

• Strategic controls. We have introduced strategic controls to prevent the derivation tree
from growing unmanageably. In the derivation trees constructed by the DEDALUS system, the
unsuccessful branches at least represent plausible and well—motivated attempts to solve the
problem . Will th is mechanism stil l be adequate when we increase the number of rules from one
hundred to one thousand , or the size of the tar get program from a few lines to a few pages?
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• Etf~cIency. The techniques we have introduced are not concerned with the efficiency of the
programs they produce. However , if program—synthesis methods are ever to become practical,
the y must take efficiency considerations into account. This is not to say that a synthesis system
will need to perform a mathematical analysis of the program being constructed; it would suffice
to find crude estimates of the running time to guide the derivation (cf. Wegbreit [1976), Kant
(19 77]).

• Specifications. The only specifications we have allowed describe the relationships between
the ex pected input and the desired output of the program to be constructed. Such ~‘input—
out put specifications ” are inadequate to describe certain classes of programs. In particular , in
specifying, say, an airline-reservation system or an operating system, which are never intended
to terminate , it is necessar y to express relationships between the inputs it accepts and the
outputs it produces at intermediate stages in the computation. Can the techniques we have
used with input-output specifications be extended to allow the construction of such
“continuo~isly operating programs?”

Acknowledgements

We would like to acknow ledge the va lue of our discussions with Nachum DershowItz , and to
thank Mike Wilber for help in the use of the QLISP programming system. Don Sannella gave
comments on the manuscript.

Earlier versions of sections of this paper have been presented at the Symposium on
Artificial Intelligence and Programming Languages , Rochester , NY (August 1977) and the Fifth
International Joint Conference on Artificial Intelligence, Cambrid ge, MA (August 1977).



92 References

References

Aubin, R. (July 1976), Some generalization heurt st tcs In proofs by Induclton , Proceedings of
the IRIA Symposium on Proving and Improving Programs , Arc-et-Senans, France,
pp. 197-208.

Baizer , R . M. [Sept. 1972], Automatic pro gramming, Techrrical Report , Information Science
Institute , University of Southern California, Marina del Rey, CA.

Balzer , R. M., N. Goldman, and D. Wile [Aug. 1977], informality In program speci ficat ions ,
Proceedings of the Fifth International Joint Conference on Artificial intelligence,
Cambridge, MA , pp. 389-397.

Barstow , D. [Aug. 1 977], A knowled ge—based system for automatic program construction ,
Proceedings of the Fifth international Joint Conference on Artificial intelligence,
Cambridge, MA , pp. 382-388.

Biermann, A. W. [1976), Approaches to automatic pro gramming, in Advances in Comp uters ,
Vol . 15, Academic Press , New York , NY , pp. 1-63.

Biermann , A . W. and R. Krlshnaswamy [Sept. 1976], Constructing prog rams from example
computations , IEEE Transactions on Sot ,.ware Engineering, Vol. 2. No. 3, pp. 141-153 .

Bledsoe , W. W. and M, Tyson [1977] , Typing and proo f b’~ cases in program verification, in
Machine intelli gence 8: Machine Representations of knowled ge (E. W. Elcock and D.
Michie, eds.), Ellis Horwood Ltd., Chichester , England, pp. 30—51.

Boyer, R, S. and J S. Moore (Jan. 1975], Proving theorems about LiSP functions , JACM ,
Vol. 22, No. I, pp. 129—144 .

Boyer, R. S. and J S. Moore [Aug. 1977], A lemma driven automatic theorem prover for
recursive Junction theory, Proceedings of the Fifth International Joint Conference on
Arti f icial Intelligence. Cambridge, MA , pp. 511-519.

Brotz , 0. (1973] , Provtn g theorems by mathematica l induction , Ph.D. thesis , Computer Science
Department, Stanford University. Stanford , CA

B u c h a n a n , J . R. and D. C. Luckham [May 1974], On automating the construction of
p r o grams , Technical Report. Ar t iticial Intelligence Laboratory, Stanford University,
Stanfor d, CA.

6uratall , R. M. (r eb. 1969), Proving pro prtt.s of programs by structural induction .
Computing J., Voi. 12, No. I, pp. 11-48.



*0 Afl9 761 SIAPEOR D UNIV CALIF DePT cc COMPUTER SCIENCE F/’• 9/2
SYNTH ESiSt DREAMS Z) PROSRAMS.IU)
NOV 77 i MN*IA. R WALD INIeR NO0OIM—7S—C—O~16

UNCLASSIFIED STAN—CS—77—*30 IL

_ _  a _ _



References 93

Bursta ll , R. M. arid J. Darflngton [Jan. 1977], A tranfo rmatlon system for developing
recursive programs , JACM , Vol. 24, No. I, pp. 44—67.

Clark , K. and S. SIckel (Aug. 19771, Pred icate logic: A calculus for deriving p rograms ,
Proceedings of the Fift h International Joint Conference on Artificial Intelligence,
Cambridge, MA , pp. 419-420.

DahI, 0. J., E. W. Dljkstra , and C. A. R. Hoar. [1972], Structured programmin g, Aca~iemic
Press, New York , NY.

Darl ington , J. [July 1975], Application s of prog r am transformat ion to pro gram synthesis,
Proceedings of the IRI A Symposium on Proving and Improving Programs , Arc-et-
Senans ,’Franc e . pp. 133—144.

Darllngton , J. and R. M. Burst&l (1978], 4 system which automatically impro ves p rograms,
Act a In formatica , Vol. 6, No. I, pp. 41-60.

D.rshowttz , N. and 2. Manna (Nov. 1977], The evolution of p rograms: A system for
automatic prog ram modif ication. IEE E Transactions on Software Engineering. Vol.
SE-3, No. 4.

DlJkstra , E. W. (Aug. 1976], Guarded commands , nondetermf tiacy and forma l derivation of
• p rograms, CACM, Vol. 18, No. 8, pp. 453-457.

Dljkst ra , E. W. (1976], A discipline of programming , Prentice-Hall , Englewood Cliffs. NJ.

Floyd, R. W. (1987], AssignIng meanings to programs , Proceedings of the Symposium In
App lied Mathematics , Vol. 19 (J. T. SchwarU, ed ), American Mathemat ical Society,
Providence , RI, pp. 19-32.

G.rhart , S. L. (Jan. 1976], Correctness —preserving program transformat ions . Proceedings of
the Second Symposium on Principles of Programming Languages. Palo Ako , CA , pp.
51-66.

Grsen, C. C. (May 1989), ApplIcat ion of theorem proving to prob lem solving, Proceedings of
the Internat iona l Joint Conference on Artificial IntellIgence, Washington , DC, pp.
219-239.

Gr•sn , C. C. (Oct. 1978], The design of the PS! prog ram synthesis system. Proceedings of
the Second Internat ional Conference on Software Engineering, San Francisco, CA , pp.
4-18.

Guttag, J. V., E. Horowitz , and D. R. Muss.r (Aug. 1070], Abstract data types and



94 
S R.?.r.nc.z

softwar e validation, Technical Report, Information Sciences Institute , Marina dcl Rey,
CA.

Hardy B. (aspI. 1976], Synt hesIs of L,IS P prog rams from examples , Proceedings of the
Fourth International Joint Conference on Artificial Intelligence, Tbihsl, Georgia,
USSR, pp. 240-245.

H&dorn, G. E. (July 1976), Automatic p rogyamming through natura l language dialogue; A
survey. IBM Journal of Research and Development . Vol. 20, No. 4, pp. 302—Si S.

H.witt , C. (Apr. 1971], Descript I on and theoretical analysis (using schemata) of PLANNER:
A language for prov ing theorems and manipulating models I n a robot, Ph.D. thesis,
MIT, Cambr idge, MA.

Hsw itt , C, and B. Smith (Mar. 1976], Towards a programming apprent ice, IEEE
Transactions on Software Engineering, Vol. SE-I, No. I, pp. 26-45.

Hoar• C. A. R. (Oct. 1969], An axiomatic basis fo r computer programming, CACM , Vo l 12,
No. 10, p p . 576-580, 583.

Kant , E. (Aug. 1977], The selection of efficient Implementat ions for a high—level language,
Proceedings of the Symposium on Artificial Intelligence and Programming
Languages, Rochester , NY , pp. 140- 146.

Knuth , 0. E. (D.c. 1974], Structured programming with go to statements, Computing
Surveys. Vol. 6, No. 4, pp. 261-301.

Kowa iokl, R. (Aug. 19743, Pr edIcate logic as a prog ramming language, Informatio n
ProcessIng 1974, North-Holland , Amsterdam.

L.., R. C. 1., C. L. Chang, and R. J. Waldlnger (Apr. 1974], An imp rov.d program—
synthesizing algorithm and its correctness , CACM , Vol. 17, No. 4, pp. 211-217.

Llskov , B. H. and 8. N. Zlllss (Mar. 1976], SpecIficat ion techniques for data abstractions ,
IEEE TransI.ctions on Software Engineering. Vol. SE-I, No. I, pp. 7-IS.

Low, J. A . (1075], Automatic codlng ch&e of data structures, Blrkha uier Verlag, Basle,
Switzerland.

L.uckbam, D. C. and 4. A. Buchanan (July 1974], AutomatIc generat ion of programs
containing conditional statements , Proc,.dtngs of the Conference on A rtificial
Intelligence and the Simulation of behaviour , Sussex , England, pp. 102- 125. :



Ref srsncss 95

I

Manna , Z. and B. 4. Waldlnger (Mar. 1971], Toward automatic prog ram synthesis, CACM.
Vol. 14, No. 3, pp. l5I-165.

Manna , Z. and A. J. Waldlng.r (Swam., 1076], Knowledge and reasoning In prog ram
synthesis. Artificial IntellIgence, Vol. 6, No. 2, pp. 175—208.

Sacsrdot i, E. D, (Sept. 1976], The nonlinear nature of plans , Proceedings of the Fourth
International Joint Conference on Artificial Intelligence, Tbillsi , USSR, pp. 206—214.

Schwartz , J. T. (Mar. 1974], Automatic and semiautomatic opt imization of SETL,
Proceedings of the Symposium on Very High Level Languages Santa Monica , CA ,
pp. 43-49.

Sikiossy, L. [1974], The synthesis of prog rams from their properties , and the Insane heuristic,
Proceedings of the Third Texas Conference on Computing Systems , Aust in, TX.

Simon, H. A. (Oct. 1963], ExperIments with a heuristic compiler, JACM, Vol. 10. No. 4, pp.
493-506. Also in Rep resentation and Meaning (H. A. Simon and L Siklossy, cdi.),
Prentice—Hall, NJ, 1972.

S Standish , 1, A,, D. C. Harriman , 0. F. Kiblsr , and 4. M. NeIghbors (Feb. 1976],
Improving and refining pro grams by prog ram manipulation, Technical Report,
University of California , Irvine, CA.

Bummers, P. 0. (Jan. 1977], A methodology fo r L.1SP program construction f rom examp le:,
JACM, Vol. 24, No. 1, pp. 161-175.

Sussman , 9. 4. (1976], A computer model of shill acquisition, A merican Elsevier, New York ,
NY.

Susaman, 9. 4. (Aug. 1977], Electrical design: A probl em for artif icial Intelligence research,
Proceedings of the Fifth International Joint Conference on Artificial Intelligence,
Cambfldge. MA , pp. 894-900.

S Tate , A. [S.pt . 1075], Interacting goals and (heir use, Proceedings of the Fourth
International Joint Conference on Artificial Intelligence, Tbilisi, USSR, pp. 215—218.

S T&telman, W, (1974], INTERL1S P ref erenc, manual , Xerox Research Center, Palo A lto,
• CA. ~~~~~~~~ 0

Uirich , J. W. and A. MoD (Aug. 1977], Program synthesis by analog,, Proceedings of the
Symposium on A rtificial Intelligence and Programming Languages, Rochester, NY ,
pp.22-28. S



96 References

Wald inger , B. 4, (1977], AchIeving several goals simulianeousl,, in Machine Intelligence 8:
Mach ine Representations of Knowledge (E. W. Ekock and D. Michie , cdi.), Ellis

Horwood Ltd., Chichester , England . pp. 94-136.

Waldinger , B. 4. and A. C. T. Lee (May 1969], 4 s v p  toward automatic prog r am writing,
Proceedings of the international Joint Conitience on Artificial Intelligence,
Washington. DC, pp. 241-252.

Warren, D. H. D. (June 1974], WARPLAN:  A system f or generat ing plans . Technical
Report. Department of Computational Logic, University of Edinburgh , Edinburgh ,
Scotland.

Warren , 0. H. 0. (July 1976), Generating condilienal ~/an s and programs , Proceedings of
the Conferen ce on Artificial intelligence and Simulation of Behaviour, Edinburgh,
Scotland , pp. 341-354 .

~6~~gbreit , B. (Jan. 1976], Goal—directe d program trans J w rnation, Proceedings of the Third
ACM Sym posium on Princip les of Programming Languages , Atlanta . GA , pp. 153-
170.

Wilber , B. M. (Mar. 1976], A QLI SP reference manual . 1ehnical Report, SRI Internat ional .
Menlo Park , CA.

Wirth , N. (D.c. 1974], On the composition of well—str uctured p rograms, Computing Surveys,
Vol. 6, No. 4 , pp. 247-259.

I

.~L I 
_ _ _  _ _ _  _ _ _ _ _

— 
-



- IJNcIIASSIFLED 
S S

SECURITY CLASSIFICAT ION OF THIS PAGE (WI,.,, bag. EnI.r.d) 
_____________________________________

b~~~bI’~ f l r  nf ~ #9Iu~~~~ I r A 1~IAkI DA I~~~ 
REA D

uu~...umLrI I II~~~I~ 1 
~~~~~~~~ BEFORE COMPLETING FORM

4~ çfQ~T ~MRER —~~~~~
- 2. GOVT ACCES5IO 3. RECIPIENT’S CATALOG NUMBER

~/ j
STAN -CS-77-6~ø’

~ Afl4-~~~~/~~~~ I _ _ _ _ _ _ _ _ _ _ _ _ _ _- i t~~~ id1..kIHt.. J ___ ..... .
~~ 

s~~~~[o F REPORT i.PERIOO OVERCO

~y4j7nthesi8: Dreams —> Programs.~ 
~~~

I. PERFORMING ORG. REPORT NUMBER
ADI-302

~ : ~~~~~~anna Ric arqwa~~~~ ;er 
(~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~

______________________________________________ ~~~903-76-C-O2 ‘
S. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT. TASK

Artificial Intelligence Laboratory AREA & WORK UNIT NUMSERS

Stanford University + NR 0149-389 ARPA Order -

Stanford , California 914305 ++ NR 0149-378 214914
II. CONTROLLING OFFICE NAME AND ADDRESS li__ ~~~~~~~~~~

Mr. Marvin Denicoff, Program Director Nov
Information Systems, Code 1437, ONR ~- -  ~~~“5

• -

&D0 No. Quincy , Arlington , Virginia 22217 100
*4. MONITORING AGENCY NAME I ADORESS(U dlf l.,sat lieu. Centrollh’4 0111cc) IS SECURITY CL . uu~u~ ) J .~~_

Philip Surra , ONR Representative
Durand Aeronautics Building, Room 165 15
Stanford University , Stanfor d , Ca l i f .  ~ 4305 *5.. DECLASSIFICATION/OOWNGRAOING

SCHEDULE

IS. DISTRISUTION STATEMENT (.1 (1,1. R.po rl) 
—

Releasable without limitations on dissemination [bsTlusuTIOw STATEIIEN? A~~
S I ~ r public re1e~~ ;S 

~Is~1bu6oa Unlimited

I?. DISTRIBUTION STATEMENT (of Ui. .b.S,.cI .nI.,.d h, DIed 20, II dtff.,.”l ho.. R.p.M.)

IS. SUPPLEMENTARY NOTES

~~~~~~~~ Deductive techniques are presented for deriving programs systematically from given
specifications . The specifications express the purpose of the desired program without
giving any hint of the algorithm to be employed. The basic approach is to tranafora
the specifications repe*tedly according to certain rul es , until, a satisfactory program
is produced. The rules are guided by a number of strategic controls. These techniques

_______ 
have been incorporated in a running program synthesis system, called DEDALIJS .~~~~~~~~~~ -. . ,

• IS. KEY Many of the transformation rules represent knowledge about the program’. subject “

d~~~ln (e.g. numbers, lis ts , sets); some represent the meaning of the constructs of the’
specification language and the target programaing language; and a few rules represent ~
basic programing princ iples. Two of these principles , the coriditional-forlriation rule \,
and the recursion-formation rule, account for the introduction of conditional expressions
and of recursive csll~ into the synthesized program. The termination of the program is

ensured as new recursive call. are formed.
Two extensions of the recursion-formation rule are discussed: a procedure-fo rmation 

___________
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ruls, which ai~~it. the introduction of auxiliary subroutines in the course of the syn-
thesis process , and a generalization rule, which causes the specifications to be extend-
ed to represent a more general problem that iu nevertheles s easter to solve .

Th, techniques of this paper are illustrated with a sequence of examples of increas-
ing complexity; progrL’rs are constructed for list proceeriing, numerical computation,
tnd sorting. These tech,~ique3 are compared with the *ethod~ of “struc t ured programing”,

work pn “progi~aa transformation”.
The D)IIAWS syst em accepts ipecit’tcations expressed in a high-level language,

including set notation , logi cal quantificat ion, and a rich vocab ulary drawn from a

S~ 
iari.t3 of subject do atns . The system attempts to transform the specificati ons into
a rerursiva , LiSP-like target pro,rsm. Over one hundred rules have b,en implemented,
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each ex presse d as a small program in the QJ.ISP 3.anguage ‘A~ __________
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